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Abstract 

S.L. Woronowicz proved in 1991 that quantum SU(1,1) does not exist as a locally compact quantum 
group. Results by L.I. Korogodsky in 1994 and more recently by Woronowicz gave strong indications 
that the normalizer SU (1, 1) of SU (1, 1) in SL{2, C) is a much better quantization candidate than SU{1, 1) 
itself. In this paper we show that this is indeed the case by constructing SUq{l, 1), a new example of a 
unimodular locally compact quantum group (depending on a parameter < g < 1) that is a deformation 
of SU{1,1). After defining the underlying von Neumann algebra of SUq{l,l) we use a certain class 
of q-hypergeometric functions and their orthogonality relations to construct the comultiplication. The 
coassociativity of this comultiplication is the hardest result to establish. We define the Haar weight 
and obtain simple formulas for the antipode and its polar decomposition. As a final result we produce 
the underlying C*-algebra of SUq{l, 1). The proofs of all these results depend on various properties of 
q-hypergeometric lipi functions. 



Mathematics subject classification 2000: 33D80, 46L89 
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Introduction 



Arguably one of the most important and simplest non-compact Lie groups is the SU{1, 1) group, which 
is isomorphic to SL{2,M.). In 1990, one of the first attempts to construct a quantum version of SU{1, 1) 
was made in and pl[| by T. Masuda, K. Mimachi, Y. Nakagami, M. Noumi, Y. Saburi and K. Ueno 
and independently, in [|10| by L. Vaksman and L. Korogodsky. We follow and Q because these 
expositions are more elaborate. Their starting point is a real form Uq{5u{l, 1)) of the quantum universal 
enveloping algebra Z^q(s[(2, C)) (defined in Eq. (1.9)]). Intuitively, one should view upon Z^g(su(l, 1)) 
as a quantum universal enveloping algebra of the 'quantum Lie algebra' of the still to be constructed locally 
compact quantum group SUq{l, 1). The dual A of Uq{su{l, 1)) is turned into some sort of topological 
Hopf-algebra (|2^, Sec. 2] and |2^, Eq. (2.6)]) which is naively referred to as a topological quantum 
group. In a next step the coordinate Hopf-algebra Aq{SU{l, 1)) is given as a *-subalgebra of A that 
also inherits the comultiplication, counit and antipode from A (|20, Eq. (2.7)] and |2^, Eq. (0.9)]). 
In this philosophy, they first introduce infinite dimensional infinitesimal representations of quantum 
SUq{l, 1) (see |2^, Eq. (1.1)]) which they then exponentiate to infinite dimensional unitary corepresenta- 
tions of .4 (see |21, Eq. (1.2)]) providing hereby the quantum analogues of the discrete, continuous and 
complementary series of SU{1,1) but also a new strange series of corepresentations. In an attempt to 
get hold of the C*-algebra B that should be viewed as the quantum analogue of the space Co{SU{l, 1)), 
they follow the strategy of first transforming the generators and relations of Aq{SU{l, 1)) formally into 
other elements that produce a *-algebra B (not inside Ag{SU{l, 1)) !) definable by generators and rela- 
tions that, unlike in the case of Aq{SU{l, 1)), can be faithfully represented by bounded operators. The 
C*-algebra B is then defined to be the universal enveloping C*-algebra of B. 

Other important contributions (other than the ones that will be mentioned later on) to the study of 
different aspects of quantum SU{1, 1) have been made by T. Kakehi, T. Masuda, K. Ueno in by D. 
Shklyarov, S. Sinel'shchikov & L. Vaksman in 

The authors of seem to get a little bit overenthusiastic by claiming the existence of a comultiplication 
on B turning B into a Hopf*-algebra (see |21, Prop. 7]). This is in fact in stark contrast with the result, 
proven by S.L. Woronowicz in 1991, that showed that quantum SU{1,1) does not exist as a locally 
compact quantum group (see Thm. 4.1 and Sec. 4.C]). Not surprisingly, this was considered to be 
quite a setback for the theory of locally compact quantum groups in the operator algebra setting. 

RecaU that SU{1, 1) is the hnear Lie group {X e SL{2, C) | X*UX = U}, where = g "^1 ) ' 

1994, a breakthrough in this stalemate was forced by L.I. Korogodsky (see |^) who studied deformations 
of the linear Lie group SU{1A) instead of that of 5*1/(1,1). Here, SU{1A) denotes the Lie group 
{X e 5L(2,C) I X*UX or X*UX = -U} which is in fact the normalizer of ^[/(l, 1) in 5i(2,C). 
In this paper, we will follow up on Korogodsky's and Woronowicz' ideas to introduce a locally compact 
quantum group SUq{l, 1), depending on a parameter < g < 1, that is the quantum version of this group 
SU{1, 1). In doing so, we believe we also make a strong case for the use of q-hypergeometric functions in 
the operator algebra approach to quantum groups. 

But what is actually meant by a locally compact quantum group? This question has kept a lot of people 
busy for the last 20 years and the most satisfying answer has been given by S. Vaes and the second author 
in |l8[ (see the introduction of this same paper for an extensive account of the history and the importance 
of different people in the development of the theory of locally compact quantum groups). The paper [ p^ 
is written in the C*-algebra setting but it will be easier to use the von Neumann algebraic approach as 
introduced in [|l9| . Both approaches are completely equivalent and the last result of this paper produces 
the generic C*-algebraic quantum group out of the von Neumann algebraic one. In order to see what we 
are aiming for, we formulate the definition of a von Neumann algebraic quantum group as defined in |19[. 
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Definition 1. Consider a von Neumann algebra M together with a unital normal * -homomorphism 
A : A/ — > M (g) M such that (A (g) t)A = (/, A)A. Assume moreover the existence of 

1. a normal semifinite faithful weight ip on M that is left invariant: ip{{ll! (8) i)A{x)) — ip{x)Lu{l) for 
all uj e Af+ and x e . 

2. a normal semifinite faithful weight ip on M that is right invariant: '4'{{l Ll!)A{x)) = 'ip{x)Lu{l) for 
all UJ e A/+ and x e M^. 

Then we call the pair (A/, A) a von Neumann algebraic quantum group. 

For a discussion about the consequences of this definition and related notations we refer to [|l9[ Sec. 1]. 
For quite a while, the major drawback of the theory of non-compact quantum groups was the lack of a 
whole array of different examples of non-compact locally compact quantum groups. So the importance 
of this paper lies mainly in the fact that we add an example to the rather short list of existing atomic 
non-compact quantum groups like quantum E(2), quantum ax + b and quantum az + b. Also note that 
this new locally compact quantum group is the first analogue of a non-compact semi-simple Lie group. By 
atomic we mean that these examples (up till now) can not be constructed out of simpler quantum groups 
through different existing theoretical construction procedures of which the most important one is arguably 
the double crossed product construction. In turn, this new example SUq{l, 1) can now serve as one of 
the ingredients in these construction procedures. It is moreover very conceivable that the importance 
of SU{1, 1) in the classical group theory will be parallelled by that of SUq{l, 1) in the quantum group 
setting. 

In the immediate future we hope to calculate the dual of SUq{l, 1), unravel its corepresentation theory and 
obtain a formula for the Plancherel measure. For one, we most definitely plan to fit the corepresentations 
of pl| rigorously in the framework of locally compact quantum groups. It is to be expected that new 
results for g-hypergeometric functions can emerge this way. 

Since the ideas of Korogodsky are a chief motivation for this paper, we will briefly discuss the most 
important results of Let {Aq,A) be the HopP-algebra associated to SUq{l,l) (in Aq is denoted 



by &). We give a precise definition of {Aq, A) in Eqs. and (|l.2|). The *-algebra Aq is generated by 
elements a, 7 and a central self-adjoint involution e. Define two central orthogonal projections p± in Aq 
as p± = i(l ± e) and define the *-subalgebras Af of Aq as A"^ — p±Aq. Thus, Aq ~ A'^ ® Aq (in 
A^ are denoted by 91"^). Let us also set j± = p±j. 

Define a * -homomorphism A+ : A^ A'^ <8i .4^ such that A+(a) = (p+ ® p+)A{a) for all a e A'^. 
Then (^+, A+) is a Hopf*- algebra which should be thought of as the q-deformation of the coordinate 
Hopf-algebra associated to the group SU{1, 1). 

Most of the relevant representations of Aq are infinite dimensional so that a lot of care has to be taken 
to make the notion of representations of more precise (see Consider a Hilbert space H, a dense 

subspace D oi H and a unital algebra representation tt of Aq on D such that {7r{a)v,w) — {v,7T{a*)w) 
for all a G Aq and v,w G D. Then we call tt a *-representation of Aq in H . We set I?(7r) — D. We call tt 
well-behaved if 7r(7*7) is an essentially self-adjoint operator in H and if the spectrum (t( 7r(7*7) ) C q™, 
where 7r(7*7) denotes the closure of 7r(7*7) as an operator in H. Similar definitions are used for *- 
representations of A^ in H (where 7 is replaced by 7±). The spectral condition is not present in a 
weaker spectral condition was introduced in ||30|| . 

It is clear that we can identify *-representations of A^ with *-representations tt of Aq such that 7r(pz(i) = 0, 
or equivalently 7r(e) — ±1. 

Since e belongs to the center of Aq, each irreducible * -representation of A^ is necessarily an irreducible 
*-representation of either Aq or Aq . Korogodsky classified all well-behaved *-representations oi Aq in |9[ 
Prop. 2.4], most of them arc infinite dimensional. K. Schmiidgen pointed us to the necessity of imposing 
some sort of spectral condition for this classification result to be true (and which is completed in |30|). 
Given two well-behaved infinite dimensional irreducible * -representations tti, tt2 of Aq in Hilbert spaces 
Hi, H2 respectively. Korogodsky showed in ||, Thm. 6.1] that there does not exist a well-behaved *- 
representation tt of Aq in Hi (g) H2 such that I'(7ri) 0l?(7r2) C T>{tt) and 7r(a) v = (tti 7r2)(A(a)) v for all 
a E Aq and v E 2?(7ri) 'D{tt2), where denotes the algebraic tensor product. Thus, loosely speaking, 
the tensor product of two well-behaved infinite dimensional irreducible *-representations tti and 1:2 of 



4 



Aq does not exist. Applied to two well-behaved infinite dimensional *-representations of A^, this result 
corresponds to the non-existence of quantum SU{1, 1) as a locally compact quantum group as proven in 

It). 

However, Korogodsky also showed that the situation is not as bad as the above result on first sight 
suggests. Therefore consider two well-behaved *-representations tti, tt2 of Aq in Hilbert spaces Hi, H2 
such that for i = 1,2, tt^ is the finite direct sum of well-behaved infinite dimensional irreducible *- 
representations of Aq for which the number of direct summands of tt.; that are *-representations of Aq 
equals the number of direct summands of tt^ that are * -representations of Aq . Then H, Thm. 6.2 and 6.3] 
imply the existence of a well-behaved * -representation tt of Aq in Hi®H2 such that 'D{tti)Q'D{tt2) ^ ^^(Tr) 
and 7r(a) w = (tti 7r2)(A(a)) v for all a & Aq and v G ^{tti) 'D{'K2)- It should however be pointed out 
that TT is not unique! 

Around 1996, Woronowicz picked up on this observation to start his study of quantum SUq{l,\) on 
the Hilbert space level (see [|o|). Instead of focusing on all well-behaved *-representation of Aq, he 
redirected his attention to *-representations that are direct sums (or more precisely, direct integrals) 
of the sort described above. For this purpose, Woronowicz introduces in [^0[ Def. 1.1] the notion of a 
SU q{\, l)-quadruples on a Hilbert space. Let us use some slightly different terminology in order to stay 
closer to Korogodsky's viewpoint. 

Let TT be a well-behaved * -representation of Aq in some Hilbert space H and Y a closed linear operator 
in H such that Phase 7r(7) commutes with Y, the domain of Y and Y* agree and n^y/qej* — a) C y. 
Then we call (tt, Y) a SUq{l, l)-representation in H. It follows that for such a SUq{l, l)-representation, 
the quadruple (7r(a), 7r(7), 7r(e), F) forms a SUq{l, 1) of unbounded type in the sense of JSOf . 
If (5,7, e,y) is a S'?7^(l, l)-quadruple of unbounded type, it follows from |30, Thm. 3.7] that it arises 



from such a SUq{l, l)-representation. Moreover, Thm. 1.3] gives a precise meaning to the statement 
that TT contains as much irreducible well-behaved *-representations of A'^ as of Aq . In |3^, Thm. 1.4] it 
is then shown that, in accordance with the above formal discussion, the tensor product of two SUq{l, 1)- 
quadruples can be defined as a new SUq{l, l)-quadruple. Recasted in the terminology of this introduction 
this means that given two 5'?7q(l, l)-representations (iJi, tti, Yi), {H2,tt2,Y2) it is possible to construct 
a new SUq{l, l)-representation {Hi H2,tt,Y) such that Tf^ni) 'D{'K2) C I?(7r) and 7r(a)w — (tti 
7r2)(A(a)) V for all a e Aq and v G T^{t^i) T^{t^2)- The extra information contained in Y moreover allows 
to get rid of the uniqueness problems mentioned before. 

There is however one drawback to | |3C| ]. At the moment of writing this paper, there was still a gap in 
the proof of the associativity of the tensor product construction S'[/g(l, l)-quadruples. Although it is 
difficult to estimate the seriousness of this gap, it corresponds to the most difficult part of the proof of 
the coassociativity of the comultiplication in this paper. 

In 1999, J. Stokman together with the first author studied the properties of a left invariant weight h on 
the C*-algebra C of quantum SU{\, 1) (see jl^). However, remember that it is impossible to define a 
comultiplication on C turning it into a locally compact quantum group. Instead, one looks at a suitable 
dense subspace B of C* so that for loi, uj2 it is possible to define the product uji -kuj2 so that on a formal 
level, uji-kuj2 = {loi W2)A. It turns out that the invariant weight h can be written as a sum of positive 
functionals in B and as a consequence {uj*h){x) can be defined as a pointwise convergent sum for suitable 
Lu (z B and suitable x G C. The left invariance statement then becomes (uj -k h){x) = Lu{l)h{x). The 
benefit of to this paper lies in the fact that the definition of loi ★ uj2 depends on a class of special 
functions that arise formally as Clebsch-Gordan coefficients. These special functions can be extended in 
such a way that they serve as the principal set of data to construct the locally compact quantum group 
SUq{l, 1). Moreover, the formula for the left Haar weight of SUq{l, 1) is a straightforward generalization 
of the formula defining h. 

A naive response to this all would be to presume that given all these existing results it should be not so 
difficult to construct SUq{l, 1) as a full blown locally compact quantum group. But this seems to be far 
from the truth. The family of special functions produced in |lj] can be easily extended from the context 
of SU{1, 1) to the context of SU{1, 1), but the orthogonality and completeness of the relevant family of 
functions needs some non-trivial special function theory that can be found in and |^ (see Proposition 
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3.2). This is in fact the only place where we heavily rely on the theory of g-hypergeometric not covered 
in the appendix of this paper. Given these special functions it is not hard to define the comultiplication 
of SUq{l, 1), the hard part of the construction of SUq{l, 1) hes in the proof of the coassociativity of 
the comultiplication. Similarly, the left Haar weight is pretty easy to define, but checking that it is left 
invariant in the sense of requires some non-trivial quantum group techniques. 

Whereas M is mainly a motivational paper for this one, [pOl is not only motivational (especially the use of 



the reflection operator u introduced in notation 2_^) but also gives an alternative approach to SUq{l, 1). 



The advantage of the approach of |Q lies mainly in the fact that the role of the generators and relations 
is more explicit and constructional. In order to do so, Woronowicz also presents a beautiful operator 
theoretic theory of balanced extensions, similar to the theory of self-adjoint extension of symmetric 
operators. As a consequence of this all, it should not be so difficult to prove that the C*-algebra introduced 



in proposition 4.15 is generated by the generators and relations, introduced in [pO| , Def. 1.1], and in the 
sense of We on the other hand take a more pragmatic stance and approach the subject by using 
special functions. As a disadvantage, it follows that the role of generators and relations is less clear 
(but still lurking in the background), but as a clear advantage we can prove the coassociativity of the 
comultiplication, prove the left invariance of the left Haar weight and also give an explicit formula for 
the multiplicative unitary. It also allows us to circumvent the theory of balanced extensions and stick 
to more standard operator theoretic techniques. As a consequence, the proofs of this paper arc different 
from the ones in |30(]. A notable exception is the use of an operator, introduced in |30[, in the proof of 



the last (albeit simplest) step in the proof of Theorem 3.11 



The paper is organized as follows. In the first section we introduce the Hopf* -algebra associated to 
SUq{l, 1) and realize it as a *-algebra of unbounded operators on some Hilbert space. In the subsequent 
section the underlying von Neumann algebra is introduced. We define the comultiplication in section 3 
and claim its coassociativity at the end of the section but the proof of this fact is given in section 5 in 
order to enhance the readability of the paper. In section 4 we construct the Haar weights and prove their 
invariance, thereby proving that SUq{l, 1) is indeed a locally compact quantum group. We end section 
4 by calculating the underlying C*-algebraic quantum group. The appendix contains most of the basic 
results that we will need from the theory of special functions. 

Acknowledgement. We would like to thank S. L. Woronowicz for insightful discussions on quantum 
SU{1, 1), providing the preliminary version of and giving a series of lectures on ||30|| in Trondhcim 
(April 2000), which the second author attended. 



Notations and conventions. 



The set of all natural numbers, not including 0, is denoted by N. Also, No = N U {0}. 

Fix a number q > 0. Let a G C. If rt G No, the g-shifted factorial (a;g)„ G C is defined as {a;q)n = 

n"=o ~ 9*") («;9)o — !)■ From now on, we assume that g < 1. Then (a;g)oo S C is defined as 

(a; q)oc — lim„^oo (a; q)n- Using some basic infinite product theory, one checks that this limit exists and 

that the function a e C i-^ (a; q)oo is analytic. Also, (a; q)oo = if and only if a G g^^". We also use the 

notation (ai, . . . ,am,;q)k = (ai;g)/c ■ • ■ {am;q)k if ai, . . . , a™ G C and fc G No U {oo}. 

If a,b, z C, we define 

^(l;q,z)= ^a; b; q, z) £ '^^^ f ' '^^^ (-1)" z" . (1) 

We collected some further basic information about these 5* function in the appendix. See Q for an 
extensive treatment on g-hypergeometric functions. 

Let Bi, . . . , Bn be sets such that B, = T or = -q^ \Jq^. Set / = { i G {1, . . . , n} | B, = ~q^ U q^ }. 
Consider a set iiT C (— U q^Y and a function / : { (a;i, . . . , Xn) G i?i x . . . x _B„ | {xiji^i G A'} ^ C. 
Then we set f{x) := for (xi, . . . , a;„) G -Bi x . . . x i3„ such that {xiji^i ^ K. (2) 
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If / is a function, the domain of / will be denoted by D{f). If X is a set, the identity mapping on X 
will be denoted by lx and most of the time even by l. If iJ is a Hilbert space, Ijy denotes lh- The set 
of all complex valued functions on X is denoted by ^{X), the set of all elements in J-'{X) having finite 
support, is denoted by JC{X). Let y be a vector space and S a subset of V. Then (S) denotes the linear 
span of in y. 

Consider a locally compact space with a regular Borel measure fi on it. If 5 G £^{fl,fi), we denote 
the class of g in by [g]. If / is a measurable function on fi, we define the linear operator Mf 

in L'^{n,fi) such that D{Mf) = {[g] \ g £ £^{n,^i) such that fg e C'^{^,li) } and Mf{[g]) = [fg] for all 
such classes [g] e D[Mf). 

Let 5, T be two linear operators acting in a Hilbert space H . We say that 5 C T if D{S) C D{T) and 
S{v) = T{v) for aU 1; e D{S). Following @ we caU S balanced if D{S) = D{S*). 

The symbol will be used to denote the algebraic tensor product of vector spaces and linear mappings. 
The symbol on the other hand will denote the tensor product of Hilbert spaces, von Neumann algebras 
and sufficiently continuous linear mappings. 

If n G N and X is locally compact space, X" will denote the n-fold product set X" — X x . . . x X . 
Consider von Neumann algebras M,7V acting on Hilbert spaces H ,K respectively and it : M ^ N a, 
normal *-homomorphism. Let T be a densely defined, closed linear operator in H afhliated with M (in 
the von Neumann algebraic sense) and T = U \T\ the polar decomposition of T. Then there exists a unique 
positive operator P in K such that f{P) = 7r(/(|T|)) for all / G £°°(E+). Now we set t:{T) = n{U) P. 

1. The Hopf*-algebra underlying quantum S'?7(1,1). 

In order to resolve the problems surrounding quantum SU{1, 1), Korogodsky proposed in j|] to construct 
the quantum version of SU (1,1) instead of constructing the quantum version of SU (1,1) itself. He 
suggested that the HopP-algebra of this quantum group should be the one that we describe now. 
Throughout this paper, we fix a number < g < 1. Define Aq to be the unital *-algebra generated by 
elements ao, 70 and eo and relations 

"o"o - 7070 = eo ao^S - 9^ 7(1 7o = eo 
7(1 70 = 70 7(1 

"0 70 = 9 70 ao ej = eo , ^ 

ft 2 1 y^-'^) 

aolo = qioao eg = 1 

ao eo = eo ao 

70 eo = eo 70 

where ^ denotes the *-operation on Aq (in order to distinguish this kind of adjoint with the adjoints of 
possibly unbounded operators in Hilbert spaces). 

There exists a unique unital *-homomorphism Ao : Aq — s- Aq Aq such that 

Ao(ao) = ao0ao + (7(eo7(l)0 7o 

Ao(7o) = 70 ao + (eoaj) 70 (1.2) 
Ao(eo) = eo eo . 

The pair (Aq, Aq) turns out to be a Hopf*-algebra with coimit eo and antipode Sq determined by 

'S'o(ao) = eo ctj eo(ao) = 1 

So{al) = eQaQ £0(70)^0 
5'o(7o) = -970 eo(eo) = 1 

^0(7,1) = -I 7^ 
<S'o(eo) = eo • 

As always we want to represent this Hopf * algebra Aq by possibly unbounded operators in some Hilbert 
space in order to produce a locally compact quantum group in the sense of Definition 1 of the Introduction. 
In Proposition 2.4 of [pj, Korogodsky produces a family of irreducible *-representations of the *-algebra 
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Aq. We glue part of this family of irreducible *-representations together to a *-representation of Aq on 
one Hilbert space that will be the Hilbert space that our locally compact quantum group will act upon. 

For this purpose we define 

Ig^{~q'' \keN}u{q'' \keZ} . 

Set = {x E Iq |x<0} and I^ = {xElq\x>0}. We will use the discrete topology on Ig. 
Let T denote the group of complex numbers of modulus 1. We will consider the uniform measure on 
Iq and the normalized Haar measure on T. Our *-representation of Aq will act in the Hilbert space H 
defined hy H = L^{T) ® L^{Iq). 

We let ^ denote the identity function on Iq, whereas C denotes the identity function on T. 
If p £ —q^ U q^, we define Sp G ^{Iq) such that Sp{x) = 5x,p for all x G Iq (note that 6p — if p ^ Iq). 
The family {dp \ p G Iq) is the natural orthonormal basis of L'^{Iq). Also recall the natural orthonormal 
basis (C™ I m e Z) for L^{T). 

Instead of looking at the algebra Aq as the abstract algebra generated by generators and relations we 
will use an explicit realization of this algebra as linear operators on the dense subspace E of H defined 
hy E = {(™ (g) 6x \ m € Z,x E Iq,) C H. Of course, E inherits the inner product from H. Let C^{E) 
denote the *-algebra of adjointable operators on E (see Prop. 2.1.8]), i.e. 

C+{E)^{T E End(£;) | 35 G End(£;), Vw, w e E : {Tv,w) = {v,Sw) } . 

The *-operation in C+{E) (and C+{E E) for that matter) will be denoted by t. So if T e C+{E), the 
operator ^ C^[E) is defined to be the operator S in the above definition. It follows that C T* 
where T* is the usual adjoint of T as an operator in the Hilbert space H. It also follows that T is a 
closable operator in H. 

Define linear operators ao, 70, eo on E such that 



Mr^dp) = ^^gn{p)Tp=^ r ® 6qp 

7o(r^'5p) = p-T^'<E>dp (L3) 
coir's) 6p) = sgn{p)r<»6p 

for all p G /g, TO G Z. 

Then ao, 70 and eo belong to C^{E), ej — eg and 

al{r(g>Sp) = v/sgn(p)+g2p-2 

(1.4) 

7l{C"'<SSp) = p-^C"^®5p 
for all pe Iq,meZ. Note that aj ((" <E) S_q) = 0. 

Then Aq is the *-subalgebra of £+(£') generated by ao, 7o and eo. Since £~^{E) C'^{E) is canonically 
embedded in C^{EqE), we obtain AqQAq as a *-subalgebra of £'^{EqE). As such, the comultiplication 
A is, according to Eqs. (|l.2D, given by 

Ao(ao) = ao 0ao +9(eo7d) ©70 

^0(70) = 70 ao + (eoaj) 70 (1-5) 
Ao(eo) = eo eo . 
where denotes the algebraic tensor product of linear mappings. 



2. The von Neumann algebra underlying quantum SU{1,1). 

In this section we introduce the von Neumann algebra acting on H that underlies the von Neumann 
algebraic version of the quantum group SUq{l,l). The reason for looking first at the von Neumann 
algebraic picture is twofold. The most important one is the lack of density conditions in the definition 
of von Neumann algebraic quantum groups (Definition 1 of the introduction), these are automatically 
satisfied. Moreover, in this case the von Neumann algebra turns out to be very simple. Towards the end 
of this paper we will use ||l^ Prop. 1.6] to produce the C*-algebraic version of SUq{l, 1). 
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In order to get into the framework of operator algebras, we need to introduce the topological versions of 
the algebraic objects ao, 70 and Cq as possibly unbounded operators in the Hilbert space H. So let a 
denote the closure of ao, 7 the closure of 70 and e the closure of ep, all as linear operators in H. So e is a 
bounded linear operator on H, whereas a and 7 are unbounded, closed, densely defined linear operators 
in H. Note also that a* is the closure of aj and that 7* is the closure of 7q. 

Lemma 2.1. LetTL he a Hilbert space. Then the domains ofl-j-c^ct, l-H^a*, 1h®1 ciiT-d- 1-h®7* coincide. 

Proof. Since 1-^ ® 7 is normal, D{1-h ® 7*) = ® 7)- We know that a^ao — jIjo + sqi thus 

0ao)w|P = 7o)w|P + IKl-H® e)w|p for allv eHQE. Since 1-^ (g) e is bounded, 1^ ^ a is the 
closure of 1-h ao and 1-^ 7 is the closure of 1-h 7o, it follows that D{1-h ® a) = D{1-h 7). Using 
the equality aoaj = 7o7o + eoi one proves in a similar way that D{lfi a*) = D{1-h 7)- □ 

All these operators can easily be realized as a combination of shift and multiplication operators. 
Consider p G —q^ U q^. We define a translation operator Tp on !F{T x Iq) such that for / G !F{T y. Iq), 
A G T and x G 7^, we have that {Tpf){X,x) — f{X,px). By discussion (2) in Notations and conventions, 
we get that {Tpf){X,x) = if pa; ^ Iq. If p,t G Iq and g G ^{T), then Tp{g (g) J^) = g (g) Sp-if, thus, 
Tpig^St) = Oifp-H^ Iq. 

For instance, note that if / G J-{T y- Iq), g G JF(T) and A G T, 

• (T,-i/)(A,-<z) = OandT,(g0(5_,)=O, 

• (T-_i/)(A, x) = for aU x G /g such that x >l ; T^i{g 5p) = for all p e Iq such that p > 1. 

Notation 2.2. Define the mapping p : — U ^ B{II) such that pp equals the partial isometry on H 
induced by Tp for all p G —q^ U q^ . Let us also single out the following special cases: 

1) Define w — Pq-i, which is an isometry on B{H). 

2) Define u = p-i, which is a self-adjoint partial isometry on B{H). 

In terms of multiplication and shift operators, our closed linear operators in H are easily recognized as 
a^w{l®M^^^^^^^^) -i = M^®M^-i e = l0M,gn^. (2.1) 

These tensor products are obtained by closing the algebraic tensor product mappings with respect to the 
norm topology on H. 

Let us recall the following natural terminology. If Ti, . . . , r„ are closed, densely defined linear operators 
in H , the von Neumann algebra N on H generated by Ti, . . . , T„ is the one such that 

N' ^{xe B{H) I xT, C T,x and xT* <ZT*x ioi i ^ 1, . . . ,n} . 

Almost by definition, N is the smallest von Neumann algebra acting on H so that Ti, . . . , T„ are affiliated 
with M in the von Neumann algebraic sense. If wi, . . . , w„ are the partial isometrics obtained from the 
polar decompositions of Ti, . . . , r„ respectively, then N is also the von Neumann algebra on H generated 
by 

n 

U {w,} U {f{T:T,) \feC^{a{T*T,))} . (2.2) 

1=1 

It is now very tempting to define the von Neumann algebra underlying quantum SUq{l, 1) as the von 
Neumann algebra generated by a, 7 and e. However, for reasons that will become clear later (see the 



discussion in the beginning of the next section and the remark after Proposition 3.8), the underlying von 
Neumann algebra will be the one generated by a, 7, e and u. 

Definition 2.3. We define Mq to be the von Neumann algebra on H generated by a, 7, e and u. 

So Mq will be the von Neumann algebra underlying SUq{l, 1). For convenience, we will also introduce 
Mq as the von Neumann algebra on H generated by a, 7 and e. 

Lemma 2.4. 1) M^ is generated by {w} U{Mf\fe /:°°(T x /,) }, 
2) Mq is generated by {w, it} U { M/ | / G /:°°(T x Iq) }, 
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3) M, =L°°(T)®B(L2(/,)). 

Proof. By Eq. ( ^ ) wc know that is generated by the set {w, M^;®!, Mi^sgn(^)} U 
{/(a*a)|/ € C°°{a{a*a))} U {/(7*7)|/ G /;°°(cr(7*7)) }. Since 7*7 = l«)Mj-2, it follows that the 
von Neumann algebra generated by {Mi^ggn(^)} U { /(7*7)|/ G £°°(cr(7*7)) } equals the von Neumann 
algebra generated by {Mi^sgn(^)} U { e }. Thus, the von Neumann algebra generated 

by {Mi«3g„(c)} U {/(7*7)l/ e £°°(a(7*7))} equals | / e Because a*a = 1 

Afsgii(^)_i.^-2, it now follows that is generated by {w, M^^i} U { AIi^j \ f e C°°{Iq) }. Therefore the 
first statement holds, and as a consequence also the second one holds. 

Define the partial isometrics wq, uq on L'^{Iq) such that {wof){x) — f{q^^x) and {uof){x) = f{—x) for all 
/ e L'^{Iq) and x £ Iq. Letting Mq denote the von Neumann algebra generated by {wq, uq} U L°°{Iq), the 
second statement implies that Mq = L°°{T)^Mq. It is not so difficult to see that every rank one projector 
of the form L'^{Iq) —>■ L'^{Iq) : u i-> (w, 5p) 5t, where p, t G Iq, belongs to Mq, thus Mq — B{L'^{Iq)). □ 

So we get in particular that Pp € Mq for all p G — U g^. Let us collect some further elementary results 
about the map p. If p g — g^Ug^, we define ip = PpPp, the initial projection of pp. Consider / e £^(T x Iq) 
and define 5 G £-^(T x 7^) such that for A G T, x e /g, we have that g{X,x) = /(A, x) if p^^x G /g and 
g(A,x) = if p-ix ^ /g. Then ip{[f]) = [g]. 

Lemma 2.5. Consider p,t e U and / e £°°(T x Iq), then 

Pp Pt = Ppt it and p* = Pp-i 

and 

Pp Mf = MTj,f Pp and pp MT^_^f = Mf pp . 

Proof. We only prove the first equality, the other ones are even more straightforward to check. Take 
/ G £^{T X Iq) such that f{X,x) = for all A G T and x £ Iq such that t'^ x ^ Iq. Now {ppPt){[f]) = 
[Tp{Tt{f))], whereas Ppt{[f]) = [Tptif)]- Let y £ Iq and v £T. We consider 4 different cases: 

(1) If G Iq and pty £ Iq, then iTp{Ttif))ii^,y) = Tt{f){v,py) = f{i^,pty). Thus Tpt{f){v,y) = 
f{u,pty) = {Tp{Tt{f)){u,y). 

(2) Now suppose that py ^ Iq and piy £ Iq. Then {Tp{Tt{f))){v,y) — 0. On the other hand, 
TptU){i^,v) = f{^,piy)- Since t~^{pty) ^ py ^ Iq, we have that f{v,pty) = 0. Thus Tpt{f){v,y) = = 
(rp(Tt(/))(z.,y). 

(3) Suppose that py £ Iq and piy ^ /g . Then (Tp (Tt (/)))(;., = Tt{f){v,py) = since t{py) ^ /g. 
Thus rpt(/)(i/,y) - = (rp(Tt(/)))(z.,2/). 

(4) If ^ Jg and pty ^ Iq, then clearly Tpt{f){v,y) = = (rj,(Tt(/))) (z., y). 

So we see that Tp(Tt{f)) — Tpt{f) for this kind of function /. Thus pp pt it — Ppt it- n 

So we see that p is almost a group representation, but not quite. It is possible to use the results in the 
previous lemma to perform a partial cross product construction. Since we do not need this approach in 
the rest of the paper, we will not pursue this matter any further. Instead we focus on a more useful and 
simpler picture of Mq-. 

For every p,t £ Iq and m G Z we define $(771, p, t) — Pp-it M(^m^g^ £ Mq. So if a; G Iq and r e Z, then 

<f{m,p,t) iC <E> 4) = S^^t C""^ ® Sp . (2.3) 

Define M° = ( ^{m,p, t) \ m £ Z,p,t £ Iq) . Using Eq. (2.3), it is easy to see that the family ( <I>(to,p, t) \ 
m £ Z,p,t £ Iq) is a linear basis of M°. 

The multiplication and *-opcration are easily expressed in terms of these basis elements: 

$(mi,pi,ti) $(m2,P2,t2) = Sp^^ti + m2,pi,t2) 

$(m,p,t)* = $(-m,i,p) (2.4) 
for all m, mi, 7712 G Z, p,pi,p2, t, ti,t2 £ Iq. So we see that Af° is a cr-weakly dense sub*-algebra of Mq. 
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3. The comultiplication of quantum SU{1,1). 
In this section we introduce the comuhiphcation of SUq{l, 1). In the first part we start with a motivation 



for the formulas appearing in Definition 3.1. Although the discussion is not really needed in the build up 



of SUq{l, 1), it is important and clarifying to know how we arrived at the formulas in Definition 3.1. 
But first we introduce two auxiliary functions 

(1) X ■ -q^ U ^ Z such that xi^) = log,(|a;|) for all x G -g^ U q^, 

(2) K : M — > R such that k{x) = sgn(a;) for aU x G M. 

Our purpose is to define a comultiplication A : Mq — > Mq (g) Mq. Assume for the moment that this has 
already been done. It is natural to require A to be closely related to the comultiplication Aq on Aq as 
defined in Eqs. The least that we expect is Ao(ro) C A(T) and Ao{T^) C A(r)* for T ^ a,j. In 

the rest of this discussion we will focus on the inclusion Ao(7q7o) C A(7*7), where Ao(7o7o) G C^{EqE). 
Because 7*7 is self-adjoint, the element A(7*7) would also be self-adjoint. So the hunt is on for self- 
adjoint extensions of the exphcit operator Ao(7o7o). Unlike in the case of quantum E{2) (see [|^), the 
operator Ao(7o7o) is not essentially self-adjoint. But it was already known in [pi that Ao(7q7o) has self- 



adjoint extensions (this follows easily because the operator in ( |3.2| ) commutes with complex conjugation, 
implying that the deficiency spaces are isomorphic). 

Let us make a small detour to quantum SU (1,1). In this case, the operators ao and 70 are replaced 
by their restrictions to L^(T (g) /+). Then Ao(7o7o) still has self-adjoint extensions for each of which 
the domain is obtained by imposing a boundary condition on functions in its domain (this boundary 
condition is a simple relation between the function and its Jackson derivative in the limit towards 0, see 
1^, Eq. (6.2)]). However, in this case the closure of the operator Ao(q!o) does not leave the domain of 
such a self-adjoint extension invariant because it distorts the boundary condition. From a practical point 
of view, it should also be said that an explicit manageable spectral decomposition in terms of special 
functions for these self-adjoint extensions is missing, cf. |l^. Rem. 2.7]. 

Now we return to the case of quantum SU{1, 1). Although Ao(7o7o) has a self-adjoint extension, it is not 
unique. We have to make a choice for this self-adjoint extension, but we cannot extract the information 
necessary to make this choice from a and 7 alone. This is why we do not work with M* but with Mq 
which has the above extra extension information contained in the element u. These kind of considerations 
were already present in [pl| and were also introduced in pQ] for quantum SUq{l, 1). In this paper, this 



principle is only lurking in the background but it is treated in a fundamental and rigorous way in |30 . 

Now we get into slightly more detail in our discussion about the extension of Ao(7q7o). Define a linear 
map L : T{T x x T x /,) ^ T{T x Iq x T x Iq) such that 

{Lf){\,x,tJi,y) = [x^^{sgn{y)+y-'^) + {sgn{x)+q^x-^)y-^]f{\,x,pL,y) 

+ sgn(a;)(j"^ \^ix~^y~^ ^ (sgn(a:) + x-2)(sgn(y) + y-"^) /(A, qx, fi, qy) 

+ sgn(a;) q Xp. x"^y~^ \/ (sgn(a;) q^x-'^){sgn{y) ^ q^y'"^) /(A, q^^x, fi, q^^y) 

for all A, /i G T and x,y E Iq. A straightforward calculation reveals that if / G EqE, then Ao(7o7o) [/] = 
[L(/)]. From this, it is a standard exercise to check that [/] G D(Ao(7q7o)*) and Ao(7g7o)*[/] = [L{f )] 
if / G £^(T X Iq X T X Iq) and L{f) G £^(T x Iq xT x Iq) (without any difficulty, one can even show that 
Z?(Ao(7o7o)*) consists precisely of such elements [/]). 

If e G -q^ U q^, we define £'g = { {X, x, fi,y) £ T x Iq x T x Iq \ y ^ Ox }. We consider ^^(fg) naturally 
embedded in i^(T x IqXTx Iq). It follows easily from the above discussion that Ao(7o7o)* leaves L^i^f-'g) 
invariant. Thus, if T is a self-adjoint extension of Ao(7o7o), the obvious inclusion T C Ao(7o7o)* implies 
that T also leaves L'^{i'g) invariant. 

Therefore every self-adjoint extension T of Ao(7o7o) is obtained by choosing a self-adjoint extension Tg 
of the restriction of Ao(7q7o) to L'^{('g) for every 9 G —q^ U q^ and setting T = ®gfz^qi.[jqi.Tg. 

Therefore fix G —q^ U . Define Jg — { z £ Iq2 \ k{9) z G /g2 } which is a q^-interval around 0. On Jg 
we define a measure vg such that i'g{{x}) — \x\ for all x £ Jg. 
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Now define the unitary transformation Ug : L^(T x T x Jg) L'^i^'g) such that Ue{[f]) ~ [g] where 
/ e £2(1^ X T X Je) and 5 e C^il'g) are such that 

ff(A, z, /i, Oz) = (Am)^'^) (-sgn(0z))>^(^) |z| /(A, ^i, ^(z)) (3.1) 

for all A, /i € T and z € Iq such that 9z E Iq. 

Define the linear operator Lg : T{Je) J'{Je) such that 

1 



{Lef){x) = ^ ( -v/(l + + x) /(q^a;) - ^{l + q-^x){l + q-^n{e) x) f{q-'x) 

[{l + K{e)x)+qHl + q-'x)]f{x)) (3.2) 
for all / e T{ Je) and x G J^. 

Then an easy calculation shows that Uq Ao(7o7o)t£;o£; Ue — 10 (ietK:(,/e))- So our problem is reduced to 
finding self-adjoint extensions of Lg\]Q(^j^y This operator i6itK;(/<,) is a second order g-difference operator 
for which eigenfunctions in terms of q-hypergeometric functions are known. 

We can use a reasoning similar to the one in ||l^, Sec. 2] to get hold of the self-adjoint extensions of 

Let /3 e T. Then we define a linear operator Lg : D{Lg) C L^{Jg, vg) — > L'^{Jg, vg) such that 

D{LI) = { / e L\jg,Vg) I Lg{f) G L\jg,Vg), /(0 + ) = /3/(0-) and (i? J)(0+) = /3 (i? J)(0-) } 

and Lg is the restriction of Lg to D{Lg). Here, denotes the Jackson derivative, that is, {Dqf){x) — 
ifil^) ^ f{x))/{q — l)a; for x £ Jg. Also, /(0+) = /3/(0— ) is an abbreviated form of saying that the 
limits limj;|o f{x) and lima^^o fix) exist and lim^^j^o f{x) = /3 lima;|o fix). 
Then Lg is a self-adjoint extension of Lg\f^(^j^y If /3,/3' € T and /3 ^ /3', then Lg^Lg. 

It is tempting to use the extension L\ to construct our final self-adjoint extension for Ao(7o7o) (although 
there is no apparent reason for this choice). However, in order to obtain a coassociative comultiplication, 
it turns out that we have to use the extension L^^"^^-* to construct our final self-adjoint extension. This 



is refiected in the fact that the expression s(x, y) appears in the formula for Cp in Definition 3.1 



This all would be only a minor achievement if we could not go any further. But the results and techniques 
used in the theory of q-hypergeometric functions will even allow us to find an explicit orthonormal basis 
consisting of eigenvectors of Lg^"^^\ These eigenvectors are, up to a unitary transformation, obtained by 



restricting the functions Op in Definition to ^e, which is introduced after this definition. The special 
case 9 = 1 was already known to Korogodsky (see Prop. A.l]), although the proof in ||] seems to 
contain quite a few gaps. For instance, the presentation in |^ shows that a lot of more care has to be 
taken to solve these kind of problems. 

In order to compress the formulas even further, we introduce two other auxiliary functions 

(1) ly-.-q^Uq^-^ R+ such that vit) = qi(x{t)-i){x{t)-2) fo^, t e -q^ U q^ . 

(2) Another auxiliary function s : Mq x Mq ^ {^^^ 1} is defined such that 



aix.y) 



-1 if X > and y < 
1 ifx<Oor?/>0 



for all x,y £ Kq. 

Let us also collect some basic manipulation rules. Therefore take x,y, z € Rq. 

(1) If a; > then six,y) = sgn(yz) s(x, z) and siy,x) = siz,x). If a: < 0, then six,y) = s(x, z) and 
s(t/, x) = sgn(yz) s(z, x). So if sgn(a;j/z) = 1, then s(x, y) = six, z). 

(2) It is clear that s(a;, y) = — sgn(a;) s(a;, —y) and six, y) = sgniy) s(— x, y). 

(3) One easily checks that six, y) = sgn(a;?/) s(y, x). As a consequence we get also that s(— x, y) = s(— 2/, x) 
and six,-y) = s(y, -x). 
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If a,b, z E C, we define 5" ^ ^ ; zj and ^'(a; b; z) to be equal to ^ ^ ; q^: zj. 
We will also use the normalization constant Cq = {y/2q (q^, —q^; q'^)oo)~^ ■ 

Definition 3.1. If p (z Iq, we define a function Up : Iq x Iq M. such that Up is supported on the set 
{ {x, y) e IqX Iq\ sgn{xy) = sgn(p) } and ap{x, y) is given by 



Cqs{x,y) (-l)>^(rf (-sgn(y))x(-) 1,1 .{py/x) L^<Pll^^lf}^ ^ f -f^v) , ,2,(,/p) 

V (-'«(a;);r)oo V Q K{x/y) 

for all {x,y) E IqX Iq satisfying sgn{xy) — sgn(p). 

The presence of the expression (— sgn(y))'^'^^^ in this same formula can be traced back to the defining 
formula (|3.l|) for Ua. 



The extra vital information that we need is contained in the following proposition. For 9 <E —q^ U q^ we 
define = {{x,y) e Iq x Iq \ y = Ox }. 

Proposition 3.2. Consider 9 e ~q^ U q^. Then the family (flpf^^ | p G /g such that sgn(p) — sgn(0) ) is 
an orthonormal basis for P(£g). 

This result implies also a dual result, stemming from the following simple duality principle (in special 
function theory, these are referred to as dual orthogonality relations). Consider a set / and suppose that 
has an orthonormal basis [ej)j^j. For every i G I, we define a function fi on J by fi{j) — ej{i)- 
Then {fi)i£i is an orthonormal basis for P{J). If we apply this principle to the line Ig, the previous 
proposition implies the next one. 

Proposition 3.3. Consider G —q^ U (f' and define J ~ I^ if 6 > Q and J = I^ if & < 0. For every 
{x,y) G £g we define the function e(^x.y) : J — » K- such that e^x,y){p) — o.p{x^y) for all p G J. Then the 
family (e(^ j,) | (x, y) G £g ) forms an orthonormal basis for P{J). 

The first of these two propositions will be shortly used to define the comultiplication on Mq, both of 
them pop up in the proof of the left invariance of the Haar weight. 

For the proofs of Propositions 3^ and 3^ we refer to the literature. For 1> 9 > Q Proposition 3.5 is |3| 



Thm. 4.1] and Proposition 3.2 follows from Corollary 4.2 and the following remark of B] in base q and 



with (c, q ) replaced by (1, k{9)). For 6* > 1 we derive Propositions 3.2 and 3.3 similarly from Thm. 4.1 
and Cor. 4.2] in base q^ and with (c, g^") replaced by (1, k{9)~^). The case 9 > 1 can also be reduced to 
the case < 9 < 1 using the second symmetry property of Proposition 3.5. The functions ap(x, y)\£e are 



eigenf unctions of the operator Lg as considered in (|3.2|). The general theory used in the first half of [pi is 



explained in ||1^. For 9 < the statements in Propositions 3^ and 3^ reduce to statements on specific 
classes of orthogonal polynomials. For 9 < the orthogonality relations in Proposition |3.2| are directly 
obtainable from the orthogonality relations for the Al-Salam and Carlitz polynomials Un°'\x; q) in base q^ 
with a replaced by k{9), see Al-Salam's and Carlitz's original paper |Q or references in This time we 
have that ap{x,y)\£e are eigenfunctions of the operator Lg, due to the second order ^-difference equation 
for the Al-Salam and Carlitz polynomials, see m^. The dual result in Proposition which follows 



immediately from Proposition 3.2 for 9 < since the corresponding moment problem is determinate, 
can also be matched to orthogonal polynomials after applying elementary transformation formulas for 
basic hypergeometric series. The dual orthogonality relations split up in three summation results. Two 
of these summations can be matched to the orthogonality relations for the (/-Charlier polynomials given 



in |11, Eq. (3.23.3)], but for different parameters. The remaining summation is an easy consequence of 
|, Eq. (1.3.16)]. 

The functions ap{x, y) can be thought of as Clebsch-Gordan coefficients for the tensor product decompo- 
sition of the representation described in (2.1) with itself. Note that the corresponding Clebsch-Gordan 
coefficients for the quantum SU (2) group are given in terms of Wall polynomials, see Koornwinder 



15, Rem. 4.2], and we can write the Wall polynomials in terms of the functions ap{x,y), precisely for 
y G -q-^", using §, Eq. (III.3)]. 
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There is a nice symmetry in ap(x, y) with respect to interchanging x, y and p. One of this symmetries is 
easy to see while the proof of the other one requires an extra lemma. 

Lemma 3.4. Consider x,y,p e 1^2 and m e Z such that yjx = sgn(p) g^'". Then 



Proof. If p > 0, this follows easily from Proposition |6.6| (1). Now assume that p < 0. By Result 6.4, the 
above equation is equivalent to 

* ( -fif ; q^xl^ = sgn(p)'°^,^(l^l)+l {-q'/pr ^-p^ * { 'f','' ; q'vl^ 
\ q x/p J {-y;q^)oc \ q^y/P 



This equality follows easily from Proposition p.6[2). □ 



With this lemma in hand, one verifies the second of the next symmetries. Use Result 3.4 to prove the 



first symmetry, the third one is then a consequence of the previous two symmetries. For the first two 



symmetries you will also need two of the manipulation rules for s{x,y) discussed before Definition 3.1 
namely the last one of (1) and the first one of (3). 

Proposition 3.5. Ifx,y,p£ Iq, then 

apix,y) = i-l)^(yPhgnixr^-Uy/p\ ayix,p) 
ap{x, y) = sgn(p)>^(P) sgn(a;)'^(=^) sgn(y)'^(^) ap{y, x) 
apix,y) = (-1)>^(-P) sgn(y)^(^)|a;/p|a,(p,y) . 



Now we produce the eigenvectors of our self-adjoint extension of Ao(7o7o) (see the remarks after the 
proof of proposition |3.9| ) . We will use these eigenvectors to define a unitary operator that will induce 
the comultiplication. The presence of A-^*^*'-' and p^'^^^ in the formulas for Fr,s,m,p can be traced back to 



Eq. (p.l|). The dependence of F r,s,m,p on r,s and p is chosen in such a way that Proposition 3.£ is true 



Definition 3.6. Consider r,s ^ 1,, m G Z and p & Iq. We define the element Fr,s,m,p & H ® H such 
that 

{ap{x, y) y+^^y/p) ^^-xi^/p) ify = sgn(p) x 

Fr,s,m,p{^, X, fJ,,y) — < 

I otherwise 

for all x,y G Iq and A, /i G T. 



We know from Proposition |3.2| that the family ( F r,s,m,p \ r, s ^ 'L,m ^ 1,,p ^ Iq) forms an orthonormal 
basis for H ® H . As a consequence, we get the following result. 

Proposition 3.7. If x,y G Iq and r,s(£ Z, then, using -convergence, 

C Sx C Sy = ^ ap{x, y) F r-x<,v/p),s+x{x/p)a(y/x),p ■ 

Now we are ready to introduce the comultiplication of quantum SUq{l, 1). 

Proposition 3.8. Define the unitary transformation V : H (g) H ^ L-^(T) (g) L^(T) (g) H such that 
y{F r,s.m,p) = ® Q'^ ® C™ ® ^p foT all r, s £ 1,, m G Z and p £ Iq. Then there exists a unique in- 
fective normal * -homomorphism A : Mq — > Mq ® Mq such that A(a) = V*{\l-2(j-^ (g li2(T) g) a)V for all 
a G Mq. 
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Proof. Define the *-homomorphism A : Mq B{H ® H) such that A(a) V*{\l-2(j^ ® 1l2(t) ® a)^ 
for all a G Mq. Fix a G Mq. li r,s,m £ p £ Iq, then Definition |3.6| implies that {1h ® M^ (g) 

lL2(7,))rr,s,m,p = F r,s+l,7n,p- It foUowS that V{Ih (g) = (1l2(t) M^; (g) 1h)V". As a 

consequence, ^(1// (g 6 (g = (1l2(t) g) 6 g) l_ff)V^ for all b £ L°°{T). It follows that A(a)(li/ g) 



)) = (li/ 



)A(a) for aU & e L°°(T). Thus, A(a) G (1// g) L°°(T) g) 1^2(7, 



g) L°°(T) g) B{L\Iq)) = B{H)® Mq by Lemma |2J. In a similar way, A (a) £Mq(g,B{H). Hence 



A (a) e Af^ g) Afg by the commutator theorem for tensor products. 



□ 



The requirement that A(Afq) C Mq (g Mq is the primary reason for introducing the extra generator 
u. We cannot work with the von Neumann algebra that is generated only by a, 7 and e, because 

A(M*) 2 Af* g) A/^^ 

This definition of A and Eq. imply easily that ( F r,s,m,p | r, s G Z, 771 G Z,p G /g ) is a core for A(a), 
A (7) and 



A(a)rr,s,m,p = A/Sgn(p) +p 2 irr,s,m,pq 
^(t) r,s^m,p J* F r,s.m+l.p • 

for r, s G Z, 777 G Z and p £ Iq. 

Since rr,s,m.p{^,x, fi,y) = if sgn(a;) sgn(7/) 7^ sgn(p) it follows that {e e)Fr^s,m,p 
Hence V{e g) e) = (li2(T2) g) e)y. As a consequence, A(e) = e g) e. 



(3.3) 



sgn(p) Fr,, 



Recall the linear operators Ao(q!o), Ao(7o) acting on E Q E (Eqs. (1^)). Also recall the distinction 
between * and f. Since A(a) = F*(1l2(t) g) 1l2(t) g) a)V and A(7) = y*(li2(T) g) 1l2(t) ® 7)^7 Lemma 
2.1 implies that A(a) and A(7) are balanced. For the proof of the next proposition g-contiguous relations 



for g-hypergeometric functions are essential (see Lemma 6.5). 



Proposition 3.9. The following inclusions hold: Ao(ao) C A{a), Ao(ao)^ ^ ^io/-)* , Ao(7o) C A(7) 
and Ao(7o)t C A(7)*. 



Proof. (1) The first step is to prove for i, j,m £ 1^, p £ Iq and r, s £ 1j, x,y £ Ip, 
(A(a)r i,j,m,p,C <^ C 



Sy) = (r ^J,„^,p, Ao(aJ,)(C'- (g)5^(E)C(» Sy)) 



and this boils down to the ^-contiguous relations in Lemma x5. First we can rewrite Eq. 
of the functions Up of Definition 3.1 by a straightforward verification as 



(3.4) 
21) in terms 



Vsgn(p) +p ^aqp{x, y) 



V (sgn(a;) + / x'^){sgn{y) + q^/y'^) ap(q ^x,q ^ y) + sg-n{x) (q/xy) ap{x,y) . (3.5) 



Here we apply Eq. { p.2\j in base q with a,b,z replaced by —q I niif), q K{x/y), k{x/p) respectively (and 
take some care if a; = —q or y ~ —q). 

Now consider the left hand side of Eq 



By Eq. ( |3.3D and Definition \i.6[ the inner product on the left 
hand side of Eq. (3.4) is zero unless \y/x\ — g™, sgn(p) = sgn(a;y), i + xiv/lP) = ^nd j — xi^/lP) = 
in which case, this inner product equals ^sgn(p) + p~^ aqp{x,y). (3.6) 

For the right hand side of Eq. (3.4) we recall that Ao(ao) G C'^{E E) is given by Ao(aQ) = geo7o 
7g + q;J a\. From Eqs. ( |1.3D and (1.4), it follows that the right hand side of Eq. (3.4) equals 

sgn(2:) {q/xy) {F t^j.m,p, C^^ (g) (g) Sy) 

+ V{sgn{x) + qyx^){sgn{y) + q^y^) {F C ® ^g-^x ® C" » Sq-iy) . (3.7) 

By Definition |3.6| , this implies that the right hand side of Eq. ( ^.4[) is zero unless \y/x\ = g™, sgn(p) — 
sgn.{xy), i + xiu/ip) — f ^-nd j — x{^/qp) — which proves Eq. ( |3.4|) if these conditions arc violated. If, 
on the other hand, these conditions are satisfied, Definition guarantees that ( |3.7[) equals 



sgn(a;) (q/xy) ap{x, y) + ^/ isg-n{x) + q^ /x^){sg-n{y) + q^/y^) ap{q ^x,q ^y) 

also in this case. 



Therefore {K§ and Eq. (3.5) imply Eq, 
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So we have established Eq. (3^) in all possible cases. Since the elements Fi,j,m,p form a core for A{a), 
we conclude that C C Sy e D{A{a)*) and A{ay (C <» (» C (» 6y) = Ao{al){C <»S^(»C (»Sy), 

thus proving that Ao(aJ) C A{a)* . Taking the adjoint of this equation, we see that A{a) C Ao(q!J)*. 
In general, Ao(ao) ^ Ao(aJ)*. Since D{A{a)) = D{A{a)*) ^ E Q E, we conclude that the inclusion 
Ao(q!o) ^ A{a) also holds. 

(2) The inclusions regarding A(7) and A(7)* are treated in the same way but this time one applies 
Eq. ( |6^ ) in base with a,b,z replaced by —q'^/K,{y), q'^K{x/y), q^K{x/p) respectively, to obtain 

P"^ ap{x, y) = sgn(x) y~^ yj sgn(x) + l/x^ ap{qx, y) + x~^ V sgn(y) + q^/y'^ ap{x, q'^y) 

for all x,y,p £ Iq. □ 

This proposition implies also that A(7*7) is an extension of Ao(7o7o). We also know that {rr,s,m,p \ 
r,s G Z,m G Z,p G Iq) is a core for A(7*7) and A{'j*j)rr,s,m,p = P~^ Fr,s,m,p for r,s,m G Z, p € Iq. 
Using this information it is not so difficult to check that Ug A{"f*"f)\i'^ Ue = l(S)Lf^^'^ for all 9 G -q^Uq^, 
but we will not make any use of this fact in this paper. 

In the next step we investigate the behavior of V with respect to the flip map Yj: H®H-^H®H. Later 
on, this will guarantee that the unitary antipode (see the discussion after the proof of Prop. 1.4]) 
commutes with the comultiplication up to the flip map. It will also reduce some of the calculations in 
the proof of the coassociativity. This behavior is directly related to the second symmetry property of 
Proposition 3.5. 

Let us define anti-unitary permutation operators S' : ^^(T^) L'^{T^) and S : L'^{T'^) LP'IJ'^) such 
that S'(wi ® V2) — V2®vi and E(wi ®V2®v^® v^) — v^® v^® V2® vi for all vi,V2, W3, G L^(T). 
We also introduce the anti-unitary operator J on H such that J [/] = [g], where f,gG £^(T x Ig) are 
such that g{X, x) = sgn(x)-^^^^ /(A, x) for all x G Iq and A e T. 

Proposition 3.10. We have that VT: = (E' (g) J)V{J (g) J) and 

Vi3{lH(g)V)Y.i3 = {t ® J){1l2(j2) (g)V){V (g) 1h){J ® J ® J) ■ 

Proof. Take r, s,m G Z andp G Iq. Proposition |3 . 5| implies that ap{x, y) — sgn{p)^^P^ sgn(a;)-^'^^) sgn(2/)-^'^^) 



ipiUi x) for all x,y G Iq. If x,y G Iq and A, /i G T, then Definition |3.6| implies that 
(S(J ® J)Fr,s,rn,p){\x,ii,y) = ((J ® J) F r,s,m,p){fJ; V , x) = sgn(a;)'^(^) sgn(?/)^'^) Fr,s,m,p(M, A,a;) 
= 5,^,snip)y,-^ sgn(a;)>^(") sgn(y)x(^) ^,r+x{./p) x^-xiv/p) ap{y,x) 

= Sy,.^nip).,-^ Sgn(p)X(f) A-^+'^(^/f) f,-r-xi-/p} y) ^ sgn(p)^('') F -s,-r,-mA>^, X, f,, y) . 

Thus, 

VS( J (E> J)Fr.s,m.p = sgn(p)'^(P) VF-s.^r.-m.p = sgn(p)x(p) C"' ® C"' ® C™ ® Sp 

= (E' ® J) iC ® C C"" ® Sp) = [J:' ® J)VFr,s^m,p 

From this aU we conclude that VT. = (E' ® J)V{J ® J). Notice that E13 = S23Si2E23- Thus 

^13(1h ® V)^X3 = VviilH ® T^)I]23Sl2S23 = 1^13(1// ® [(S' ® J)V {J ® J)])^X2^23 ■ 

Let t : L^{T^) ® L^{T^) ^ L'^{T'^) ® L^{T^) denote the flip map. If we let S : L^{T^) (g) H (E) H ^ 
H (g) L^(T^) (g) H denote the permutation map defined by S(u ®) v ® w) — w ®) u ®) v ior ail u G L^(T^) 
and v,w G H, we get that 

Vi3(lff <g T/)Si3 = Vi3 E ([(E' (g J)V{ J (g J)] (g 1h) 

= (S (g lff)(li2(T2) (g V^S) ([(S' (g J)F(J(g J)] (g Iff) 

= (S (g lff)(li2(T2) (g [(S' (g J)t/(J(g J)]) ([(S' (g J)F(J(g J)] (g Iff) 
= (g E') (g J)(li2(T2) (g F) (F(g lff)(J(g J(g J) 

= (S(g J)(lL2(T2)(gT^)(V'(glff)(J(g J(g J) . 

□ 
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We end this section with the statement that the comultipHcation is coassociative, the result of this paper 
that is the most technical to prove. 

Theorem 3.11. The * -homomorphism A : Mq — s- Mq (E) Mq is coassociative, i.e. (A ® t)A = [l® A)A. 

In order to enhance the readability of this paper, the proof will be given in section 5 but we stress that 
the results of section 4 do not play any role therein. 



4. The Haar weight on (Mg, A). 

In this section we construct the left Haar weight on (Mq,A) and prove its left invariance through the 
construction of a partial isometry that afterwards turns out to be the multiplicative unitary of quantum 
SU{\, 1). We also establish the unimodularity of [Mq, A). 

Since Mq = L°°{T) (g) B{L'^{Iq)) we can consider the trace Tr on Mq given by Tr = Tr^oo^T) (8) T^'i^BiL^iiq)), 
where Tr£,=o(T) and Tyb{l^{i„)) are the canonical traces on L°°(T) and B{L?{Iq)) which we choose to be 
normalized in such a way that Tr^oo(T) (1) = 1 and Tvb[l'^[i^)){P) = 1 for every rank one projection P in 

B{L\lq)). 

Given a weight 77 on Afg, we use the following standard concepts from weight theory: 

= { a; e Af+ | ri{x) < 00 }, tU,, = linear span of A/",, = { a; e Mq \ r]{x*x) < 00 } . 

Next we introduce a GNS-construction for the trace Tr. Define K = H®L'^{Iq) = L'^{T)®L'^{Iq)®L'^{Iq). 
Em e Z andp, t £ Iq,we set /„i,p,t = C^^^p^^t G K. Thus ( fm,p,t | m e i g ) is an orthonormal 
basis for K. Now define 

(1) a hnear map Axr : A/ti- K such that ATi(a) — J2peigi^ ® ^L^{ig))fo,p,p for a g Afn- 

(2) a unital * -homomorphism tt : Mq B{K) such that 7r(a) — a® 1l2(7^) for all a E Mq. 

Then (iiT, tt, Ati ) is a GNS-construction for Tr. 

Now we are ready to define the weight that will turn out to be left- and right invariant with respect to 
A. Use the remarks before [|l^, Prop. 1.15] to define a linear map A = (ATr)7*7 : -D(A) C Mq K. 

Definition 4.1. We define the faithful normal semi-finite weight ip on Mq as ip = Tr^*^. By definition, 
(if, 7r,A) is a GNS-construction for ip. 

See for more details about this definition. This definition of ip is of course compatible with the 
usual construction of absolutely continuous weights (see p^). So we already know that the modular 
automorphism group cr''' of (p is such that a-f{x) = x |7|~^** for all x G Mq and s g R. 
The modular conjugation of ip with respect to {K, tt. A) will be denoted by J, the modular operator of ip 
will be denoted by V. Since ip — Tr-y*^ and A = (ATr)7*7, J equals the modular conjugation of Tr with 
respect to (ii', tt, Axr)- 

Let us recall how these modular objects are related to the modular group. So fix a G Af^p. If t G M, 
then erf (a) G J^^ and V"A(a) = A{crf{a)). Provided a G ^(cr^), the element cr^(a)* G Af^ and 

JA(a) = A(al{a)*). For x G D^a"^), we have that ax G Af^ and A{ax) = J7r(cr^(a;)*) JA(a). 

2 2 2 

Let us first establish some easy formulas that make working with the weight ip pretty easy. 

Lemma 4.2. Consider m G Z and p,t G Iq. Then 

(1) $(TO,p,i) gTV^ and A($(m,p,t)) = /m.p,t, 

(2) ^{Tn,p,t) e and ip{<^>{m,p,t)) ^ 6,ri.,Q5p,tt-'^, 

(3) ^{m,p,t) is analytic with respect to and af {^{m,p,t)) = <^(m,p,t) for all z G C. 
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Proof. (1) By Eq. (|2J), <^{m,p,t)*^{m,p,t) = $(0,i,t) = Mi^St which clearly belongs to M^^. Thus 
$(to,P, i) € A%- and 

ATr($(m,p,t)) = ^ mm,p,t) (g) l)fo,p'^p' - /™,p,t . (4.1) 

It is clear that <i>(TO,p, i) I7I is bounded and that the extension of this element to an an element of B{H) is 
given by \t\^^ ^{m^p^t) G A/xr- Therefore the remarks before Prop. 1.15] imply that ^{m,p,t) e Af,^ 
and A($(p,m,i)) = \t\~^ AT,mm,p,t)) = \t\-^ fm^p,t. 



(2) By Eq. (2.4), ^{m,p,t) = <i>(0,p,p)*$(TO,p, i), thus ip{^{m,p, t)) = (A($(TO,p,i)),A($(0,p,p))). 



Hence (2) follows from (1). 

(3) Choose s e M. By definition, $(m,p, t) — Pp-^t^C,"^®Sf Thus Lemma "Lb implies that 

= |p-4|2-pp_i,Mi«|^|-2„Mc™®5, = b-4|2-pp_i,Mc-.^5,Mi^l^|-2„ = |p-ii|2-cl>(m,p,i)l7l'^' , 

from which it follows that af{^{m,p,t)) = jp^^tp* ^{m,p,t) and the claim follows. □ 

These results imply easily the next lemma which is needed to extend results (involving A) that have been 
proven for the elements <i>(r7i,p, t) to the whole of M^. 

Corollary 4.3. If a £ N^, there exists a hounded net {ai)i^i in {<^{m,p,t) \ m S 7j,p,t G Iq) such that 
{aiji^i converges strongly* to a and (A(ai))ig/ converges to A(a). 

Proof Define C = ($(m,p,t) | to G Z,p,t e Iq). Set B = { 6 e M, | < ||a|| } and equip B with the 
strong* topology. Iri B x K , we consider the set G that is the closure of { (6, A(&)) | & G i? n C }. 
Let F{Iq) denote the set of all finite subsets of Iq and turn F{Iq) into a directed set by inclusion. For 
L e F{Iq), we define the projection Pl = J2veL ^{0,v,v). Thus, {PL)LeF(ig) converges strongly to 1. 
Fix L e F{Iq) for the moment. By Lemma |^1) we see that Pj, e M^p. Since A^BPl) = 7r(6) A{Pl) for 
all b e Mq, Kaplansky's density Theorem (see the proof of Thm. 5.3.5]), applied to the *-algebra C, 
implies that (aPL,A(aPi)) e G. 

It is clear from Lemma 0(3) that Pl £ D{af) and (J^(Pl) = Pl- Thus, A(aPL) = Jt:{Pl)J A{a). It 
— 2 2 

follows that ( (aPi, A(aPL)) ^ LeF{i ) ^ ^('^))' implying that (a, A(a)) G G and the lemma follows. □ 



Corollary 4.4. Consider m gTL and p,t G Iq. Then 

1) ^ fm,p.t f—m,t.p^ 

TV J- i__-1j.i2 j- 

ra^p^t ■ 



2) e i?(V) and V/™.p,t = jp-^p /, 



Proof. Recall that J is also the modular conjugation of the trace Tr. So Eq. ( [4.l| ) in the previous proof 
implies that J/,„,p,t = JATr($(m,p, t)) = ATr($(m,p, t)*) = ATr($(-TO, t,p)) = f-m,t,p- 
Let s e R. By Lemma ||2[ ^{m,p,t) £ and CT|'(<i>(TO,p, i)) = Ip^^p*"* $(m,p, t). So we get that 
V^^A($(TO,p,i)) = A(tT|'($(TO,p,t)))= |p-H|2i-A($(TO,p,t)). Thus, since fm,p,t = |t| A($(to,p, i)), 
fm,p,t — \p^^t\'^^^ fm,p.t and also the second claim follows. □ 

Now we know enough about the weight tp to proceed to the proof of the left invariance of ip with respect 
to A. For this purpose we introduce a partial isometry that will later turn out to be the multiplicative 
unitary of {Mq, A). The formula defining W* in the next proposition is obtained by formally calculating 
iy*(A($(TOi,pi,ti))(8)A($(TO2,p2,t2))) = (A(8)A)(A($(m2,_p2,i2))(«'("ii,pi,ti)(X)l)), but as this stage 
we do not know whether ip is left invariant so we cannot use this formula, as is done in the general theory, 
to define W* . 

Proposition 4.5. There exists a unique surjective partial isometry W on K ® K such that 

M^*(/mi,pi,ti ® fm.2..p2.t2) = X! \t2/y\at2{pi,y)ap2{z,sgn(p2t2){yz/pi)q^^) 

sgn{p2t2){yz/pi)q"^^ e Iq 

X fmi+m2-x{PlP2/t2z),z,ti '9 fx{PlP2/t2z),sgn{p2t2){yz/pi)q'"2 

for all TOi, TO2 € Z and pi,p2, ^i, ^2 G Iq- 
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Proof. The proof of this proposition is based on the properties of the functions Op, in particular on 



Propositions 3.2, 3.3 and 3.5. We now give details 



Fix mi, 1712 e Z and pi,p2, *i, *2 G Iq- If y,z,y\z' S Iq such that sgn{p2t2){yz/pi)q"^^, 

sgn{p2t2)(y' z' /pi)q"'^ e Iq and {y,z) ^ {y',z'), then it is clear that the element fmi+m2^xipiP2/t2z).z,ti 

'^/x(piP2/t2^),sgn(p2t2)(yz/pi)9'"2,y IS orthogonal to the element frm+m2-x{piP2/t2z'),z',t,<» 



fx{piP2/t2z'):Sgnip2t2)iy'z'/pi)q^2y. By Propositions |3J, |3J and ^ we get moreover 



1*2/2/1' \at2iPi,y)f \ap,iz,sgnip2t2)iyz/pi)q"'')f 



V,Z e Iq 

sgn(p2t2)(yz / pi)q™2 g 

= E l*2/y|'|at,(pi,y)|' |ap,(z,sgn(p2t2)(yzM)g'"=)|' 

V^Iq Z e Iq 

sgn{p2t2)(yz/pi)q"^2 g 

<E \t2/y\'\at2iPuy)\' = J2 \ayiP2,h)\' = l. (4.2) 
yelg y€lg 

From this, it follows that we can define the element v{mi,pi, ti; m2,P2, t2) £ K ® K as 



E |^2/y|af2(pi,y)ap2(z,sgn(p2i2)(y2/pi)g™2) 



y,z e Iq 
sgn(p2t2){yz/pi)q"^2 (= 



^ fmi+m2~x(PlP2/t2z),Z,ti ®fx(PlP2/t2Z),S!l,n(p2t2)(yz/pi)q"^2^y ■ 

Note that v{mi,pi, ti; m2,P2, ^2) is just the right hand side of the formula we want to define W* by. Now 



choose also m'i,m'2 G Z and p'j^ , P2 , t'^ , <2 G Iq- Notice that inequality (4.2) together with the Cauchy- 



'9 

Schwarz equality implies that 

E \{t2/y){t'2/y)at2{Pi,y)at'^{Pi,y) ap^{z,sgw{p2t2){yz/pi)q™"^) 

y,zeiq ap'^{z,sgn{p'^t'^){yz/p[)q'<) \ 

sgn{p2t2){yz /pi)q"^2 g 
sgn{p'2t2){yz /p[)q"^2 g 

is finite, which allows us to compute the next sum in any order we want: 
{v{mi,pi,ti;m2,P2,t2),v{'m[,p[,t[;m'2,p'2,t'2)) 

= E \t2/y\\t2/y\at2{pi,y)at'^{p[,y)ap^{z,sgn{p2t2){yz/pi)q"'^) 

y-.zeiq 

sgn(p2t2){yz/pi)q'"^ e Iq 
sgn{p'2t'2){yz /p[)q"^2 g 

X ap>^{z,Sgn{p'2t2){yz/p[)q"^^) {frni+m2-x{PlP2/t2z),z,ti, fm[+m'.,-xip[p'2/t'2z),z,t[) 

^ (■l'x{PlP2/t2z),Sgn(p2t2){yz/pi)q'^2 ,y, f ^^^,^^^^,^^^ ,^^^1^^,^^,^^^ 

= E \t2/y\\t2/y\at2{pi,y)at'.^{p[,y)ap^{z,sgn{p2t2){yz/pi)q"''') 

y,z e Iq 
sgn(p2t2)(yz/pi)9™^ 6 Iq 
sgn(p'2t'2)(yz /p[)q'^2 g 

X ap'^{z,Sgn{p'2t'2){yz/p[)q"'^) 6jn,+m2,m{+mi, 5t,,t{ ^\piP2/t2\MP'2/t'2\ 

X S 

sgn(p2t2)g'"2 /pi ,sgn(p^ t^)?"*^ /P'l 
= (^mi+ma.mi+m^ (^tj^f^ SpiP2 /t2 ,p[p'2 / 1!^ ^sgn(p2i2)9"2 /Pi ,sgn(pj,t;j)g'"2 /p^ E l^^/^/l |^2/2/| 0*2(^17?/) 

at'^{p'i,y) E ap2(z,sgn(p2i2)(y2/pi)'7"')ap;,(2:,sgn(p2i2)(yz/pi)q'"") . 

sgn(p2*2)(j/z/pi)<?'"2 G /, 
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Thus, using the orthogonahty relation in Proposition |3.2| together with Proposition 3.5, we get that 



^sen(p,t,)q^2/p,,senip',t',)q'"'2/p[ l*2/y| \t'2/y\at,{Puy)at'M^y)Sp,,p'Jssn(y),senip,t,) 

= Smi+m2,m[+m'^ ^ti,t[ ^pi /t2 /t'^ '^sgn(t2 )g"2 /pi ,sgn(t^ )<}'"2 /p^ ^P2,p'2 

J2 i-ir^^'^^ sgn{p,r^P^^ sgn(p;)>^(fi) ay{put2) ay{p[,Q 

= S„n+m2,rn[+m'^ ^ti,t[ ^pi /t2 /ti, ^sgn{t2)q"^2 /pi ,sgn(t^)?'"2 /p[ ^P2,P'2 

(_l)x(t2ti)sgn(p^)x(Pi)ggn(p;)xW) J2 ay{pi,t2)ayip[,t'2) . 

yeig 



Because of the factor ?ip^it2,p\lt'^ in above expression. Proposition 3.3 imphes that 

{v{mi,pi,ti;m2,P2,t2),v{Tn[,p[,t[;m2,P2,t2)) = ^mi+m2,m;+n4 St^^t[ 

6p.,t2,p'je, K,.(t2),-^/p.,.,.it',),-'2/p- ^2.v'2 i-^r''-''^ sgn{p,r(^^^ sgnip[ri^'^^ 5p,,, 5,^,. 

— '^mi.m'j ^m2,™2 '^Pl'P'l '^P2!P2 '^*2,t2 — (/"JliPl,*! ® /"l2,P2,t2! fm[,p[,t[ ^ fm'2,p'2,t'^ ■ 

Now the lemma follows easily. □ 

The next proposition deals with the essential step towards the left invariance of the weight tp and the 
realization that W is the multiplicative unitary associated to quantum SU{1, 1). 

Proposition 4.6. Consider lo E B{K)^ and a E M^. Then (cjtt ® i)A(a) E N^p and K{{lo'k (g) t)A(a)) — 
{u:®i){W*)K{a). 

Proof. Choose m, mi, m2 E Z, p, t,pi, ii,p2, ^2 G Iq. Take also v E Iq and let us calculate the element 
(<i>(m2,P2,t2)* ® l)A($(m,p, t))(<i>(mi,pi,ti) (g) ^{0,v,v)). Choose r, s G Z and x,y E Iq. Then Propo- 
sition Definition U and Eqs. (|!^ teU us that 



($(m2,p2,t2)* ® l)A($(m,p, i)) (C (g 4 <^ C ® -^a) 

= X! ^^-(^>y) (*(-»Ti2,i2,P2) «> 1)V'*(1 (g $(TO,P,i))V"rr_x(j^/^),5+x(2;/2),x(a/2:),z 

= at{x, y) m-m2,t2,P2) ® l)V* {C'^'^y'''^ ® ^-+x(-/t) ^ ^x(!^/-)+™ ^ 

= o.t{x,y) (<i>(-m2, i2,P2) <8i 1) rr-x(a/*).s+x(^/*).x(a/^)+m,p 

= X! at(a;, y)ap(2:,sgn(p)|y/a;|(j'" 2:) ($(-7712,^2, P2) «> 1) 



sgn{p)\y /x\q"^ z e /, 



^r-x(y/t)+x(9'"zy/p.) ^ ^ ^s+x{x/t)^x{z/p) ^ S,gn{p)\y / x\. 

^ at(x,y)ap(z,sgn(pi)(y/a;)(7™z) ($(-m2, ^2,^2) «) 1) 



z e /, 

sgn(pt)(j//x)9"z G /, 



^r+™-x(p-/zt) ^ ^ ^.+X(p-/zt) ^ 



byEq. (2.3). So we see that {^{m2,p2,t2)* ®l)A{<!>{m,p,t)) {C ®S^®C ^^y) = if sgn(p<)(y/x)g'"p2 



/g. If, on the other hand, sgn{pt){y/x)q™p2 G Iq, then 

($(7712,^2,^2)* l)A($(m,p, t)) (C (5^ C' (^y) 

- atix,y)apip2,sgn{pt)iy/x)q"^P2) {C^"^-xip-/P2t) ^ St2 ^ ^s+xip./P2t) ^ S^^^^p^^f^y/^^^q^p,) 
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Now we have for r, s G Z and x,y € Iq that 

($(m2,p2,i2)* «) l)A($(m,p,t))($(TOi,pi,ti) (g) ^0,v,v)) {C (g) (g) C 5y) 

= K.x Sv.y (*(m2,p2, ^2)* ® l)A($(m,p, t))(C™i+'' g> Sp, (g C S^) . 

So we see that ($(7712,^2,^2)* «) l)A($(m,p, i))($(?77i,pi, ii) (g) $(0,d,7;)) = if sgn(pt)(i;/pi)q'>2 ^ 
If, on the other hand, sgn{pt){v/pi)q"^p2 € Iq, then 

($(^2,^2,^2)* «) l)A($(?7z,p,t))($(mi,pi,ti) g) $(0,1;, 1;)) iC g)Sa,g)C<» Sy) 
= Stt.x Sv,y at{pi,v) ap(p2, sgn(pt)(i;/pi)g"p2) 

and thus 

($(m2,P2, ^2)* l)A($(?77,p, t))($(mi,pi, tl) (g) $(0, w, w)) = at{pi,v) ap{p2,sgn{pt){v/pi)q"'p2) 

X $(?77l + ?77 - 7772 - x(PPl M<) , ^2 , ^ 1 ) <8) $(x(PPl/P2t) , Sgn(pt) (u/pi )q">2 , «) ■ 

Applying (/? (g) i to this equation and using Lemma \L.2[ we see that 

[ ('^A($(mi,j9i,ti)),A($(m2,P2,t2))'^ O Pi ^))) ] '^'(Oi ^^) = ^mi+m-7n2,x(pPl /p^t) ^tiM 

X (ti)"^ at(pi, f) ap{p2,sgTL{pt)[v /pi)q™-p2) ^{m + nii - 1122, sgii{pt){v/pi)q'"'p2, v) . 



Or, again by Lemma 4.2, 

0(A($(7n,p,0))<i>(0 , U, u) '^mi+m— m2,x(pPl/P2*) '^tl,t2 
X \t2/ti\at{pi,v) ap{p2,ag-n{pt){v/pi)q''^p2) ^{m + mi - m2,sgn{pt){v/pi)q"^p2,v) , 

so we conclude that if sgn(pt)(7;/pi)q™p2 G ^9, the element (ijJ/^^ t^,/,„2 P2 t2^ ® '')(A($(77i,p, t))) 
$(0, V, v) belongs to Af^ and 

A( K™i,pi., J,„2,P2,*2^ ® 0(A($(777,p, t))) $(0, 7;, t;) ) = 

^mi+m— m2,x(pPl/P2t) ^tl,*2 
X lu]"^ Of (pi, t;) ap(p2, sgn(pi)(7;/pi)q'>2)/m +r?j.i— m2,sgn(pt)(D/pi)(j™p2,f • 

(4.3) 

Also recall that (w/^^ ^^^^ ^^tt (g 7)(A($(777,p, i))) $(0, 7;, 7;) = if sgn(pt)(7;/pi)(7>2 ^ /g- 

Notice that Corollary 14 implies that Jn{^{0,v,v))J fn,x,y = J'^{^{0,v,v))f-n,y,x = ^v,y Jf~n,y,x = 

Sv,yfn,x,y So we get by Proposition L5 that 

J7r($(0,7;,7;))j(u;/„^,p^,,^j„^,p^,,^ ® 7)(W^*)/„,p,i = 

= K,t2 ^mi+m-x(pip/*P2),™2 X! I^/^I (^t{pi,y)ap{p2,sgn.{pt){yp2/pi)q''^) 

ye/, 

sgn(p7)(yp2/pi)?'" e -f, 

X J7r(<i>(0, 7;, v))J /x(pip/7p2),sgn(pt)(yp2/pi)9",y 

^ti,t2 ^mi+m— x(pip/*P2),™2 X! '^tiPi,y)ap{p2,sgn{pt){yp2/pi)q''"') 

y & Ig 
sen{pt){yp2/pi)q'" G /, 

X 5v,y fm.+mi-m2,sgn(pt)(yp2/pi)q™- ,y ■ 

So we see that J7r($(0,7;,7;))J (tj/„^_^^_,^ j^^^^^ ® 7)(VF*) = if sgn(pt)(wp2/pi)'?™ ^ /g- If, on 
the other hand, sgn{pt){vp2 / Pi)q"^ G Iq, 

J7r(cl>(0, 7;, v))J (a;/„,,p,,,, ® 7)(M^*) /„,,p,i 

= ^ti,t2 ^mi+m-x(pip/ip2),m2 K/'^l 0,t{Pl,v) ap{p2, Sgn{pt){vp2 / Pl)q"') /m+mi-m2,sgn(pt)(fP2/pi)g",f • 



From Eq. (4.3) and Lemma 4.2, we conclude that 

H K„i,Pi.n ,/™2.P2,*2 ^ ® 0(A($(777,p, t))) $(0, 7;, 7;) ) 

= J7r($(0,7;,7;))j(a,/„^,p^,,^j„^,p^,^ 7)(M^*)A($(777,p,t)) . 

We use the net of projections {PL)LeF(i,) introduced in the proof of Corollary O. If L G F{Iq), we 
know by the previous equation that (w/,^^^^ tt (g t)(A($(7?7,p, i))) Fj, ^ J^<p and 

A( (c^/„„p,, T ® 7)(A(<i>(777,p, t))) Pl ) - MPl)J (c^/,„, ® 0(W^*) A($(7r7,p, t)) . 
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Therefore the cr-strong* closedness of A imphes that (w/^^ ti./ma p2 *2''' '')(^(*&("^7?'; 0)) ^ -^v^ ^'^'i 
Since the hnear span of such hnear functionals oj f^_^ n is norm dense in (M^), , the proposition 



now follows easily from Corollary 4.3 and the cr-strong* closedness A. □ 

Now, the proof of the left invariance of ip can be dealt with as in the proof of Prop. 8.15]. 
Proposition 4.7. The weight ip is left invariant with respect to A. 

Proof. Take a E N^p and lo E {Mq)f. Since 7r(Afq) is in standard form with respect to K, there exists 
a vector v E K such that lj — LOy^yir. Take also an orthonormal basis {ei)i^i for K. It follows from the 
proof of ||l^, Lem. A. 5] that {J2i£L i^v.eiT^'^ '-)(A(a))* (tj^^eiTr (g) ;,)(A(a)) is an increasing net in 

M+ that converges strongly to (w (S) i)A{a*a) (as before, F{I) denotes the set of finite subsets of /, 
directed by inclusion). Therefore the cr-weak lower semi-continuity of ip implies that 

ip{{uj (g) i)A{a*a)) =^ i^(([j„,e,7r(g)i)(A(a))*(w^,ei7r(g)t)(A(a))) . 
iei 

By the previous proposition, this implies that 



ip{ (cj L)A{a*a) ) = (A((tj^,e^7r (g) 0(A(a))) , A((cj„,e,7r (g) i){A{a)))) 

= J2 (K,e. ® L){W*)A{a), K,e, ® L){W*)Aia)) ^ J2 ((^-.-^^ ® '•)(W^*)*K,e. ® L){W*)Aia),Aia)) 



iei iei 



So if we use first [|18|, Lem. A. 5] and afterwards the fact that W* is an isometry (Proposition 45), we see 
that 

V?((w(gt)A(a*a)) = {{tOy^y (gi L){WW*)A{a), A{a)) = tj„,^(l) (A(a), A(a)) ^ uj{l) (p{a*a) 
and we have proven the proposition. □ 



We have introduced the anti-unitary operator J on H before Proposition 3.10 . Thus, J(C" 'g Sx) — 
sgn(a;)^'^'^' C~" for aU n e Z and x E Iq. This implies easily that J^{m,p, t)J = sgn(p)^(''^ sgn(i)^(*) 
$(—771, p,f) for m E TL and p,t E Iq. It shows first of all JMqJ = Mq. This allows us to define an 



anti-*-isomorphism R on Mq such that R{a) = Ja*J for all a E Mq. Proposition 3.1C guarantees that 
x[R ® R)A = AR, where x denotes the flip map x '■ Mq (g Mq Mq ® Mq. Later on, R turns out to be 
intimately connected with the unitary antipode. 

Proposition 4.8. We have that ip = pR. Thus p is also right invariant. 

Proof. If TO e Z and p,t E Iq, then R{<i>{m,p,t))* = J<i>{m,p,t)J = sgn(p)x(p) sgn(i)'^(*) <i>{-m,p,t). 
Hence, Lemma 4.2 implies that R{^{m,p,t))* E JV^p. This same lemma implies moreover for m, to' G Z 



and p, t,p', t' E Iq: 

(A(i?($(TO,p, t))*), A(i?($(TO',p', t'))*)) 

= sgn(p)x('') sgn(t)x(*) sgn(t')''**'^ sgn(p')^(''') (A($(-TO,p, t)), A($(-to',p', i'))> 
= sgn(p)'^(P) sgn(t)'^(*) sgn(t')'^(*'' sgn(p')'^'^'^ Itt'r''^™,™' Spy 5t.r 

= \tt'\-H,n,,n' Spy 5ut- - (A($(TO',p',t')),A($(TO,p,i))) . 

If a e (^(to,^, t) \m E'L,p,t E Iq), the above result implies that R{a)* E and ||A(^(a)*)|| = ||A(a)||. 
By Corollary 4.3 and the u-strong* closedness of A this implies that for all a E Af^, the element R{a)* E 



and ||A(i?(a)*)|| = ||A(a)||, thus Lp{R{a*a)) = (p{R{a)R{a)*) = || A(i?(a)*)|| = ||A(a)|| = (p{a*a). Since 
R^ = L, it follows that p — (pR. Because x{R^ R)A = AR and p is left invariant, we get that p is right 
invariant. □ 



Combined with Theorem 3.11, we have proven the main result of this paper (see Definition 1 of the 
Introduction for used terminology): 
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Theorem 4.9. The pair {Mq, A) is a von Neumann algebraic quantum group which we denote by SUq{l, 1). 



By Proposition 4.6 and the remark after ||l9|, Thm.1.2], we also conclude that 

Proposition 4.10. The element W is the multiplicative unitary of {Mg,A) with respect to the GNS- 
construction (Kjir^A). 

The unitarity can also be proved directly from Propositions 1£ , 3_^, 3^ and 3^. We denote the antipode, 
unitary antipode and scaling group of {Mq, A) by S, R and r respectively. All these objects are defined 
after the proof of [p^ Prop. 1.4]. The modular element and scaling constant of a quantum group are 
introduced at the same place. Because (Mq, A) is unimodular, that is, possesses a weight that is left and 
right invariant, we get the following result. 

Proposition 4.11. We have that tpR = ip. Furthermore, the modular element of {Mq, A) is the identity 
operator and the scaling constant of (Mq, A) equals 1. 

Proof. We denote the modular element and scaling constant of (M^, A) by 5 and v respectively, see the 
discussion after the proof of jl^. Prop. 1.4]. We know that (T^((5) — 5 for all s e M (*) and ipR — ips- 
Because ip is right invariant, the uniqueness of right Haar weights implies the existence of A > such 
that ipR — Xip. Thus, the uniqueness of the Radon- Nykodim derivative guarantees that (5 = A 1. But, 
since A{S) = d iS) 5, it follows that 6=1. Therefore, (*) implies that v = \. □ 

In the next part of this section we calculate explicit expressions for S, R and r acting on elements 
<f>(m,p, t). For this purpose we calculate some explicit slices (i ® lli){W*), where oj E B{K)^,. 



Consider m,mi,m2 G Z, p,pi,p2,t,ti,t2 G Iq- It follows easily from Proposition 4.5 that 

|tlA2|ati(p,i2)api(sgn(piii)(pp2A2)9""SP2)/,„i-,„2+rn.sgn(piti)(pp2/t2),-'"i,t (4-4) 

if sgn{piti){pp2/t2)q^"'-^ e Iq and x{Pit2/P2ti) = TO2-mi. If, on the other hand, Sgn{piti){pp2/t2)q^"^^ 
<^Iq or x{Pit2/P2ti) ^m2-mi, then (i «> t^/„^„^,,^,/„2,p^,,J(Ty*) /,„,p,t = 0. 

Proposition 4.12. Consider toi, TO2, ?Ti3, m4 e Z and p,t E Iq. Then we define lu G B{K)^ as the 
absolutely convergent sum 

uj= sgn(a;)'^(-) sgn(j/)x(^) \xy\apisgn{p)q"''x, x) at{sgn{t)q^^y, y) 

X,y e Ig 

sgn(t)?'"4y e /, 

^ ^•^TTii+x(^/y),sgn(p)g"^3 a:,sgn(t)g"^4 i/tti2+x(^/j/),^,1/ ' (4-^) 

Then {i(g)Uj){W*)^t^ q-rm-m, ,5x(t/p),™i (5™3-™4,™2-mi^(^(™l -™2,P,t)). 



Proof. Let s E Iq and m G Z. By Definition 3.1, we have for z E Iq satisfying sgn(s) q™-z £ Iq, 



\as{sgn{s)q"'z,z)\ 
< Cquisq-"") 



'{~<s);q^y 



\z\ Vi-<z);q^U \^i-qV^{s); sgn(s)g2("+i))| . 



which by Lemma 6^ implies that J^z^i^ sgn(s)g'"zG/, \'^s{sgTi{s)q"^ z, z)\ < oo. It follows that the sum in 
the statement of this proposition is absolutely convergent. So, as a norm convergent limit of finite sums 
of vector functionals, we obtain uj G B{K)^. Take n G Z and c,d £ Iq. Now 

sgn(a;)'^(^) sgn(y)'^(s') (-l)x(^«) \xy\apisgn{p)q"''x,x) 



{i^i0)iW*)fn,c,d 



E 



sgn{p)q'^3 x e Ig 
sgn(t)g'"'it, e /, 



X af(sgn(i)q™*2/, w) (Kg) ^ , , , , , „^ rr,. f . , , , ){W*)fncd ■ 
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By Eq. (4^), we get immediately that {l(^ui){W*) fn,c4 = if sgn(pt)c(?~™i ^ Iq or ma — m4 ^ m2 — mi. 
Now suppose that sgn(j)t)cq~"^^ G and ma — m4 = m2 — mi. Then Eq. (4.4) and Proposition 3.5 imply 
that 

J2 sgn(a;)'^(-) sgn(2/)'^(^) (_l)x(-y) |xy|ap(sgn(p)g™3x, x) at(sgn(t)g™^y, y) 

x,y e Ig 
sgn(p)q'"^x G /, 
sgn(t)g'"-ia e /, 

X g™* asgn(t)g»n4y(c, Tj) Oggn (p) ^"3 x (sgn (pi ) "'^ , fmi-m2+n,sgn{pt)cq-'"i ,d 

sgn(x)^(-) sgn(2/)^(^) (_l)x(-y) |xy|ap(sgn(p)g™^a:, ^) at(sgn(i)Oy, 2/) 

sgn(p)q"'3a; g 

X g™- (_i)x(c«)+m4 sgn(y)x(^) \clq^-y\ a,(sgn(t)g™-y, y) (_i)x(-)+™3+™i 

X Sgn(a;)^('^^ Icg^'^Vg^^x] a,gn(pt)c9-"l (sgn(p)g'"^X, x) f„^,-r,^2+n,ssu{pt)cq-^l,d 

= 5^ 5—1—3 (_i)«n+™3+m4 a^(sgn(p)g™3^^ ^) a,g„(,,),,-™, (sgn(p)q™-^x, x) 

sgnit)q"^iy S /, 

X at(sgn(t)g™''y, y) ac(sgn(t)q'"*y, y) frn,-rn2+n,sgn(pt)cq-^i ,d ■ 

This sum is absolutely convergent so we can compute it in any order we deem useful. Therefore the 



orthogonality relations in Proposition 3.2 imply that 

(t ® lv){W*) fn,c,d = (? q '"^ (-l)™i + "*3+"i4 5p .,gjj(-pj-,^g-,„i 5t,c /n+mi-m2,sgn(pt)c9-™i,d 

_ .2 -mi-m3 ('_-! Nr?Ji + iTi3+m4 c r <• 

= t2q-nu-™3 (_i)™,+™3+™4 |,|^_, ^($(^1 - m2,p,i)) /„,e,<i , (4.6) 

where tt is the GNS-representation of Lp. If sgx\{pt)cq^™^ ^ 7^, then 

<5|p|,|t|,-"l 7r($(mi - 1712, p,t)) fn^cM = ^\p\,\t\q-"-i 5t,c fmt-m2+n,p,d = , 



implying that Eq. (4.6) also holds if sgn(pi)cg '"^ ^ and ma — m4 m2 — mi. Therefore the lemma 



follows. □ 
Now we can easily calculate the action of 5* on elements of the form $(m,p, f). 

Proposition 4.13. Consider m e Z and p,t e Iq. Then ^{m,p,t) £ D{S) and S{^{m,p,t)) = 
sgn(p)>^(p) sgn(i)>^(*) (-1)" g" $(m,t,p). 



Proof. Define uj G B{K)^ as in Eq. (4.5) for mi = x(J'/p)i m2 = x{t/p) ^ m, ma — —xi't/p) ^^^d 



m4 = -xit/p) + m. Then Proposition [4.12| implies that 7r($(m,p,t)) = (_i)™+x(pt) (g, t^)(VF*). 
Thus @ Prop. 8.3] implies that $(m,p,t) e D(S-^) and 

7r(5-l($(m,p, i))) = (_l)m+x(pt) (, ^ ^)(^) = („l)m+x(pt) (, ^ co)(w*)* , (4.7) 



where, as is customary, u e B{K),, is given by w(a) = u)(a*) for all a G B{K). By definition, 

5] sgn(x)^(-) sgn(2/)>^(^) (_l)x(.y) |a;2/|ap((p/|i|)x, x) at((|p|A)g"y, 2/) 



(p/l*l)a: e /, 

i\p\/t)q'"y e -f. 



'*^/x(t/p) + x(x/H),(p/|t|)x,(|p|/t)5'"»,/~m + x(t/p) + x(a:/H),a:,U 
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Thus, 

u = sgn(:r)'^(-) sgn(j/)>^(^) („l)x(.y) \^y\ a,{{p/\t\)x, x) a*((b|A)g'"y, y) 



x,y & Iq 
{p/\t\)x G /, 

{\p\/t)q'"y e /, 



./x(t/p)+x(a;/a),(p/|t|)x,(|p|/t),'"j, 



{p/\t\)x e /, 
(tp|/t)9'"?/ e iq 



X sgn(t)>^(*) sgn((b|/t)q'"y)>^«IPl/*)«'"2') at(2/, {\p\/t)q"'y) 
X 

m + x(t/p) + x(a3/H),a3,!J>/x(t/p)+x(x/y),(p/|t|)x,(|p|/t)g™j, ' 



where we used Proposition 3^ in the last equation. A simple change in summation variables x' = (jj/\t\)x 
and y' — {\p\/t)yq"^ then reveals that 

w = J2 sgn(p)x(P) sgn(t)x(*) (-1)™ q-'^it^/p^) sgn{xY^''"^ sgn(y')^^^'^ {-i)x{^'y') \x'y'\ 

x' ,y' G /, 
i\t\/p)x' G /, 

(t/bl)9""*y' e -f, 

X apm/pW,^')at{{t/\p\)q'"'y',y') 

^ ^■''x(t/p)+x(x'/»'),(|t|/p)x',(t/|p|)g-'"!/' '-^"i + xC/pj+xCx'/BO.x'.B' ' 

which upon close inspection shows that Lj is sgn(p)x(p' sgn(t)x(*) (-1)" times the functional 



in Eq. (4.5) where mi = xit/p)j ™2 = xit/p) + 'tis = xit/p) s-J^d TO4 = xi^/p) ^ By Proposition 
4.12 this implies that 

(i(»Cj)(W^*) =Sgn(p)X(P) Sgn(t)x(*) (-1)™ q-'"(tVp2) ^2 (^2/^2^ (_^)m+x(pt) 

= sgn(p)'^(p) sgn(t)x(*) (-1)" g-™ <2 (_;Ly«+x(pt) 7r($(-TO,p, i)) . 
Therefore Eq. implies that 

5-\$(TO,p,i)) =sgn(p)x(P) sgn(t)x(*) (-1)'" q-'" $(m, i,p) , 
proving the result. □ 

It is now possible to recognize the polar decomposition of the antipode. For this purpose, define the anti- 
unitary operator I on H and the strictly positive operator Q in H such that {C" ^ 6x \ n Q Z, x Q Ig) 
is a core for Q and /(C" ® S^) = (-1)" sgn(a;)x(^) C"" ® and Q(C" 4) = g^" C" ® for aU n e Z 
and X ^ Iq. Recall that the unitary antipode R and scaling group r are introduced after the proof of [ p^ 
Prop. 1.4]. 

Proposition 4.14. The unitary antipode R and the scaling group r for (M^, A) are such that R{a) = 
Ia*I and Ts{a) = Q^^aQ'^" for all a G Mq and s G R. Let m G Z and p,t Q Iq. Then R{<^{m,p,t)) — 
sgn(p)'^(p) sgn(i)'^(*) (-1)™ $(m, If z G C, i/ien the element <^(m,p,t) belongs to D{tz) and 
T2 ($(m, p, t)) = g^™^ $(m, p, t) . 



Proof. By Proposition 4.11 and the discussion after the proof of [g^ Prop. 1.4] we know that there exists 
a strictly positive operator P on K such that P**A(a) = A(rs(a)) for all a G A/'cp and s G K. Note that 
7r(r^(a)) = P^'7r{a)P-'' for aU s G R. 

Choose TO G Z and p, i G R. Since S = Rt_± and i? and t commute, we see that = S'2. Thus, 



Proposition 4.13 implies that $(to,p, t) G Z3(r_i) and T_i(<i>(TO,p, i)) = q^^" ^{m,p,t). Thus, Lemma 
[4.2| and the von Neumann algebraic version of ||l^. Prop. 4.4] guarantee that A($(m,p, t)) G D{P) and 
PA($(TO,p,t)) = q^"^ K{^{rn,p,t)). Therefore, Lemma U tells us that fm,p,t G D{P) and Pfm,p,t = 
9^™ /m,p,t = (Q® l)/m,p,t- Because such elements fm,p,t form a core for Q®\, we conclude that Q®1 C P. 
Taking the adjoint of this inclusion, we sec that P C Q®1. As a consequence, P — Q®1. So if a G Mq and 
s G R, we see that Ts{a) ®l = 7r(rs(a)) = P^''7r{a)p-"' = Q'^aQ-*' (g) 1, implying that rs(a) = Q^^aQ-'^. 
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Note that Q*'^ {(" ^Sx) = q^™^ C" (g) 5^ for all n G Z, a; S Jg and s G R. Now a straightforward calculation 
reveals that rs($(m,p, <)) = Q^''^{m,p,t)Q^*'' = g^mis ^(j^ p^t) for all m £ Z, p,t £ Iq and s g R. 
Fix m G Z and t e for the moment. By definition S* = Rt_±. The previous paragraph im- 



plies that T_i($(m,p, <)) = q™^ <^{m,p,t). Therefore Proposition 4.13 guarantees that R{^{m,p,t)) — 
q~"^ S{^{m,p,t)) = sgn(p)^'^P) sgn(i)*'^*' (— 1)™ $(m, Using the definition of /, one checks easily 

that also I^{m,p,t)*I — I^{~m,t,p)I — sgn{p)^^P^ sgn{t)^^*^ (— 1)™ <i>(TO, t,p) and thus by the previous 
calculation, i?($(m,p, t)) = I^{ni,p,t)*I. Since the von Neumann algebra Mq is generated by such 
elements ^{m,p, t), we conclude that R{a) = la* I for all a e Mq. □ 

One easily checks that R and R are connected through the formula R{^{m,p,t)) = (— 1)™ _R(<i>(m,p, i)) 
if m S Z and p,t G Iq. 

Consider z e C. Since the *-algebra {^{m,p,t) | m S Z,p, t e ) is cr-strongly* dense in Mq and this 
same *-algebra is clearly invariant under each r^, where s e R, it follows from the von Neumann algebraic 
version of Cor. 1.22] that ( $(m,p, t) \ m G ZjPjt G Iq) is a a-strong* core for r^. 
li n G Z, the fact that — R T_„i implies that ( $(m, p,t) \ m G Z,p,t G Iq) is a u-strong* core for S'". 

Following jl^, Prop. 1.6] we associate to the von Neumann algebraic quantum group (M^, A) a reduced 
C*-algebraic quantum group in the sense of ||l^. Therefore we define the C*-subalgebra Aq of Mq such 
that Tr{Aq) is the norm closure, in B{K), of the set { (Kg) uj){W*) \ lu G B{H)^ }. Then |9[ Prop. 1.6] 
guarantees that {Aq, /S.\Aq) is a reduced C*-algebraic quantum group in the sense of In the next 
proposition we give an explicit description for Aq. 

We will use the following notation. For / G C(T x Iq) and x G Iq we define fx G C{T) such that 
/^(A) = /(A,a;) for all A e T. 

Proposition 4.15. Denote by C the C* -algebra of all functions f G C(Tx Iq) such that (1) fx converges 
uniformly to as x —^ and (2) fx converges uniformly to a constant function as x oo. Then Aq is 
the norm closed linear span, in B{H), of the set { pp Mf \ f G C,p G ^q^ U q^ }. 

Proof. Let p,t G Iq and define Fp^t G ^{Iq) such that Fp^t{x) — ap{x,t) for all x G Iq. The reason for 
introducing the function Fp t stems from the fact that 

= ^Xipit2/p2ti),ni2-mi \tl/t2\ TT ( Psgn(piii)(t2/P2)9'"i ^C"! .^T (Fp^ ji^t^ ) 

(4.8) 



for pi,p2, ti,t2 G Iq and mi, m2 G Z (and which follows from Eq. (4.4) ). Since B{K)^. is the closed linear 
span of vector functionals, Aq is the closed linear span of elements of the form (|4.^). 

Let p^t G Iq. Take m e Z such that \p/t\ — g™. We consider two different cases: 



sgn(p) = sgn(t) : Note first of all that in this case, Fp^tix) — for all x G Iq . Definition 3T implies the 
existence of a bounded function /i : /+ ^ R such that 

FpAx) = h{x) ''^^.*{''\. ^i~qVn{ty,q^n{x/t);q'nix/p)) 

y' [—K[X),q joo 

for all X G Iq . If a; — > 0, we have that v{jjt/x) 0, (— k(x); <7^)oo 1 and ^'(— q^/K(i); q^ k{x / 1)\ q^ k{x / p)) 
0; 0). It follows that Fp^t{x) as a; -> 0. 



Proposition |3.5| and Definition 3.1 imply for x G Iq , 

FpAx) = ap(:x, t) = sgn(p)>^(f*) ap{t, x) = (-l)x(P*) sgn(p)'^(f*) c, {~n{p)-q^)i 

(-K(t); ^ „(pjr/t) {-K{x);q^)i ^{-q^/K{x);q^K{t/x);q^K{t/p)) (4.9) 

If X oo, then '^{-q^ / K{x);q^ K,{t/x)-,q^ K,{t/p)) '^{Q]Q;q^K{t/p)) = [q^ K,{t/p);q^)oo, where we used 
i, Eq. (1.3.16)]. (4.10) 
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Let X £ Iq and choose s S Z such that x = q'^ . Then Result |6.l| implies that 

X v{px/t) {-K{x)-q^)i = gi(.+m-l)(s+™-2) ^(_q2s.q2)^ 

= ^i(m-l)(m-2) ^(m-l)s ^-^sis-l) _^2. g2)|^ {-q^^-^' ■ q^yj 

So if p = f (and thus m = 0), xv{px/t) {~K{x);q^)^ \/2 q {^q^; q'^)oo as x oo. If, on the other 
hand, p > t (and thus m < 0), we see that xv{px/t) (— k(x);(j^)^ — ^ as x -^^ oo. If we combine this 
with Eq. (|4.9|) and the convergence in (4.1C), we conclude, since c^^ = \/2q{q'^ ,—q'^;q^) 



that 

(1) Fp,p(x) ^ 1 as X ^ oo, 

(2) if p > t, then Fp^t{x) ^ as x ^ oo . 

But Proposition implies that \Fp^t\ — {t/pl \Ft,p\. By the convergence in (2), this implies that if p < i, 
also Fp^t{x) as X oo. 

sgn(p) 7^ sgn(t) : Note that in this case, Fp^t(x) = for all x £ /+. Completely similar as in the 
beginning of the first part of this proof, one shows that Fp^t {x) ^ as x ^ 0. 

From the previous discussion we only have to remember that Fp^t{x) ^ as x ^ 0. Provided p ^ we 
have that Fp^t{x) — > as x — s- oo. And Fp,p{x) — > 1 as x — s- oo. (4.11) 

Let B denote the norm closed linear span of { pp Mf \ f £ C,p £ —q^ U } in B{H). 
Use the notation of Eq. (p^). If T^gn{piti){p2/t2)q-"'iiPpi,P2)PtiA2 & Co{Iq), then Eqs. (^) and {^[J^ 
immediately guarantees that (t(g)a;/^^ tiJ^a P2 ta)!^*) ^ '^{^)- If; '^^ the other hand, 
Tsgnipiti){p2/t2)q-^"i iFpi.P2)Pti,t2 ^ Go{Iq), wc must by ( [4.1l[ ) necessarily have that h = ^2 and pi = p2. 
Thus, Eq. (18) implies in this case that 

{^®^f^,.,,.t,J^2-^i.H)iW*) = ^^.ra2-va^ [pq^l\t^/p^\ M^^,-^2^T^-,^,^^^^^^^(F,,.,,)F,„,, ) 



where we used (4.11) in the last relation. Hence 7r(Ag) C tt{B), thus Aq C _B. 



Proposition 4.12 implies that Pf-ip Afi^mg^p = $(m, i,p) G for all p,t £ Ig and m e Z. It follows that 
Pa; Af|j™(8(5p e Aq for aU TO e Z, X e -g^ U q^ and p e 7^. Thus, Mj e for all x e -q^ U q^ and 
/eCo(Tx/,). 

If X e —q^ and / € C, it is easy to see that there exists g £ Co(T x Iq) such that px Mf — px Mg. Hence, 
Px Mf £ Aq in this case. 

Now fix X £ q^ and f £ C. Take to e Z such that x — q™'. Because f £ C, there exists c £ C such that 
/y ^ cIt uniformly as y oo. Consequently, / — c(1t®T3,-i(Fi_i)Fi_i) belongs to Co(Tx /g) by ( 4.11 ). 
As such, A^/-c(iT®T^-i(i=^i,i)i=^i.i) G A- Moreover, Eq. (U) guarantees that tt{px Mitg,T^_^(^Fi,i)Fi,i) = 
(kE" w/^ 1 1 1 J(W^*) e 7r(Ag). Hence p^ ^^^^^ £ A^. It follows that PxMf £ Aq. Hence 

B C Aq, proving that B — Aq. □ 



5. Proof of the coassociativity of the comultiplication 



This section is devoted to the proof of Theorem 3.11. First one proves that (A (g) t)A(7) = (t (g) A)A(7). 
It is easy to prove that both operators agree on the intersection of their domain, but it takes a lot of 
work to establish the equality of their domains. In order to enhance the continuity of the exposition, we 
give the proof in the second half of this section. Once we have proven that (A (g) L)A{'y) = (i (8) A)A(7), 
it is straightforward to show that (A t)A(x) — {t ^ A)A(x) for all x £ M^. In the final step of the 
proof of the coassociativity it is shown that (A (g) i)A(u) = (i A)A(u). 



27 



Since A(a;) = (1^2(^2) (81 x)V for all x E Mq, we get for any closed densely defined operator T in H, 
affiliated with Mq, 

(A (g) i)A{T) = {V* (g) fH)(lL2(T2) (g) F*)(1l2(t2) (g) 1l2(t2) ® T)(1l2(t2) (g) (g) 1h) (5.f) 



and 

(t (g A)A(T) = [Ih ® t/*)Fi*3(li2(T2) g) f i2(T2) ® r)Fi3(lff ® V) (5.2) 
where Fig : (g L^CfZ) ^ ij" ^ L^^T^) g) L'^ {T'^) g) H is defined as usual. 

(2) (2) 

Using the map Aq : Aq ^ AqQAqQAq defined by Aq — (Aq t)Ao — (t0 Ao) Aq, we get adjointable 
operators A[|^^(ao), A[,^^(aJ), A[,^^(7o), in C+{EqEqE). Proposition [3J| will imply the next 

result. 

Proposition 5.1. IfT = a or T = then 

A^^Hn) c (A0OA(r) A^o\To) c (.0A)A(r) 

A[,')(rJ) c (A(gOA(r*) a[,')(To^) c (i(gA)A(r*). 

Proof. We only proof the inclusion for T = a. The other ones are dealt with in the same way. Proposition 
3.9 tells us that ao Q ao + q bqjI 70 ^ V*{^l^{t^) ct)V and thus, 

1l2(t2) QaoQao + q eo7o © 7o ^ {^l^t^) © F*)(fi2(T2) f i,2(t2) Q;)(fi2(T2) V) . (5.3) 

By Lemma 2A, D{l]^2(^j2-j g) a) = 15(1^2(^2) 67*). Let € D(li2(T2) a) and w £ E. There exists a 
sequence (w„),T=i in ^^(T^) 0^; such that (wn)^i v and ( (1l2(t2) &ao){Vn) )^^^ -> (1l2(t2) 0a)(w). 
Since (fi2(T2) 0aJ)(fL2(T2) 0ao) = (f l2(t2) eo7o)(lL2(T2) eo7o) + f l2(t2) eg, lL2(T2)0eo is bounded 
and fL2(T2) 67* is closed, it follows that ( (fi2(T2) eo7o)(wn) (fi2(T2) ej*){v). 

Therefore the net 

( (1l2(t2) ao "0 + glL2(T2) eo7o © 7o)(wn '>^))n=l 

converges to ( (f i2(T2) a) ao + 9 (1l2(t2) 67*) 70 ){v w). Hence, inclusion ( ^ ) and the fact 
that the operator on the right hand side of this inclusion is closed imply that v g) w G Z?((1^2(t2) 
V*){Il^t^) 1l2(t2) a)(li2(T2) V)) and 

( (lL2(T2)0a)0ao+q(lL2(T2)0e7*)07o)(u0w) = (lL2(T2)0F*)(li2(T2)0li2(T2)0a)(li2(T2)0F)(w0w) . 
In other words, 

(li2(T2) a) ao + (? (1l2(t2) 67*) 70 C (1l2(t2) V"*)(1l2(t2) Il^t^) a)(li2(T2) V) . 
As a consequence, proposition 3.9 implies that 

A[,^^(ao) ^ Ao(ao) 0ao + (?Ao(eo7o) ©70 ^ F*(1l2(t2) a)F ao + g F*(1l2(t2) 67*)^ 70 
C (V"* 1h)(1l2(t2) V^*)(li2(T2) li2(T2) a)(li2(T2) V){V Iff) = (A t)A(a) . 

□ 

For later purposes we introduce some extra notation: if z, w € C, we set 

0(u;;z)=£i7!^gM---i)zV (5.4) 

r=0 W .9 jr 

Note that this 0-function is closely related to the o'y32-function (see |^, Def. (1.2.22)]). 
The next step of the proof consists of showing that 

Proposition 5.2. (A t)A(7) = (t A)A(7). 

The proof of this result is a tedious but not so difficult task and is given in the second half of this section, 
after Proposition 5.4. It is however important to remember that this result is needed for the last two 
parts (Corollary 5.3 and Proposition 5.4) of the proof of the coassociativity of A. 

Recall that we introduced M* after Definition |2.3| . 

Corollary 5.3. We have that (A l)A{x) = (t A)A(a;) for all x € M*. 
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Proof. The previous proposition implies that £'((A (X) i)A(7)) = (g) A)A(7)) . (5.5) 



By Eq. (5.1), we know that 

i^((A ® i)A{T)) = {V* ® lif)(lL2(T2) ® V*) i^(lL2(T2) ® li2(T2) ® T) 

for r = 7 and T — a. Lemma [O] guarantees that 13(1^2(^2) (g) 1^2(72) (g 7) = £'(1^2 (•t2) (g li2(T2) (g a). As 
a consequence, £'((A g) i)A(7)) = _D((A (g t) A(q;)) . In a similar way one shows that £>((/, g) A) A (7)) = 
D{{i (g A)A(q;)) . By Eq. (U), this guarantees that D{{A (g) 0^(a)) =£>((/. <g A)A(a)) . 

Proposition 01 tells us that aJ,^VS) ^ (A(gi)A(a*) and A*,^^(aJ) C (t(g) A)A(a*). Taking the adjoints 

f 21 t 

of this inclusions, we see that (A (g i)A(Q!) and (i g) A)A(a) are both restrictions of Aq (aj)*. The 
previous discussion learned us that also the domains of (A g) t)A(a) and (i g) A)A(q;) agree. Thus, 
(A g) t)A(a) = (t g) A)A(a). 

Since M|^g)l is the unitary in the polar decomposition of 7 and (A(g(,)A(7) = (tg) A)A(7), the uniqueness 
of the polar decomposition implies that (A(gt)A(M(^g)l) = (;,(gA)A(M^(gl) (*) and (A(gi)A(|7|) = (tg) 
A)A(|7|). Since A(e) = eg)e, (Ag)t)A(e) = (ig) A)A(e), so we get that (Ag)i)A(e I7I) = (tg) A)A(e I7I). 
Applying functional calculus to this equation, we see that (A g) i)A(Afi^g) = (t g) A)A(Mi^g) for 
all g e C°°{Iq). Combining this with (*), it follows that (A g) i)A(7r(/)) = (t g) A)A(7r(/)) for all 
f eC°^iT X Iq) (cf. the proof of Lemma IJ). 

Because w is the isometry in the polar decomposition of a and (Ag)i)A(a) — (ig) A)A(q;), the uniqueness 



of the polar decomposition implies that (Ag)i)A(w) — (tg)A)A(w). The lemma follows by Lemma 2.4. □ 



In order to finalize the proof of the coassociativity we rely on formulas discovered by S.L. Woronowicz. In 
particular, we borrow the use of the extended Hilbert space, the definition of 8 as in (|5T0| ) and Eq. ( ^Tll) 



in the proof below. These formulas can be found in @ Sec. 5] (Eq. ( ^Hl ) is a slight variation of the 



one in IQ, where e is replaced by 1). S.L. Woronowicz told us that he has a proof for these identities, 
not included in the version of yet. Our proof of the strong convergence in ( 5.10| ) and Eq. ( ^.11 ) are 



probably different from his ones, due to the difference of both approaches. The proof of the equality 
(A g) l)A{u) = (t g) A)A(m) is not present in but it is possible that S.L. Woronowicz also knows a 
proof for this. However, the property of tensor products of SUq{l, l)-quadruples that corresponds to the 
equality D{{A g) i)A(7)) = D{{i, g) A)A(7)) is still not proven within the approach of [ pO[ . 

Proposition 5.4. The * -homomorphism A : Mq ~f Mq g) Mq is coassociative. 

Proof. Since Mq is generated by U {u}, it only remains to show that (A (g l)A{u) = (t gi A)A(u) by 
the previous corollary. Define first of all the isometry v G a,s v = ew {M^ g) 1). 

Set Kq — —q^Uq^ and use the uniform measure on Kq. Define H = L'^{T)^L'^{Kq). Then H is obviously 
the orthogonal sum of H and L^(T) g) L'^{Kq \Iq). 

Let L be a Hilbert space. Then we define a normal * -homomorphism B{H^L) B{H®L) : a ^ a such 
that a,\H^L~ a and a\(^H(g)L)^~ 0. If £1,^2 are two Hilbert spaces, (6g)c) = 5g)c for all b G B{H ® Li), 
c€B{L2). (5.6) 

On H we define unitary operators e, w and u such that for / e L^(T x Kq), 

(g/)(A,a:) = sgn(x)/(A,x) iwf){X,x) ^ f{X,q-\) ({t/)(A, a:) = /(A, -x) 

for almost all (A, x) E T x Kq. Now define the unitary element v in B{H) a,s v = ew {M^ g) 1). 

Since (L^(T) (g L'^{Kq \ Iq)) (g) H is separable, we can extend the orthonormal basis for H ® H given by 
the functions of Definition |3.6| to an orthonormal basis ( Fr,s,m,p \ r, s,m G Kq ) for g) H. If 

p £ Kq, we define dp G L'^{Kq) such that Sp{x) = 5x,p for all x G Kq. Now define the unitary operator 
V -.H^H ^ L^{T^) g) H such that VFr,s,m,p = C ®C ®K for aU r, s, m e Z and p e Kq. So the 
restriction oiV to H®H equals V and V{H^ ® H) = L'^{T'^) g) . 

Define the normal injective * -homomorphism A : B{H) — > B{H ®H) such that A(a) = y* (1^2(^2) ®a)V 
for all a G B{H). Thus, if a S Mq, then A(a) = A{a) . By Eq. (|!|), this implies that (A g) i)(S) = 
(A (g i){b) for all b € Mq ®B{H). 

Take r, s,m E and p G Xg. Choose 71 G N. One easily checks that A{v)r r.s,m.p = sgn(p) F r,s,m-i,pq- 
Thus, A(f;)"r,.,s,m,p = sgn(p)" F r,s,m~-n,pq^- Noticc that pq" G /, if n > 1 - x(p)- 
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Assume that n > 1 — x{p)- Choose x G Kq, y £ Iq and A, /i G T. If q^x S Iq and y/x = sgn(p) g™, then 
y/{q^x) = sgn(pq") g™^" which by Definition |]^ and Result 6A guarantees that 

((w"" (g) 1) A(v)"rr,s,m,p) (A, a;, y) sgn(p)" [(u"" (g) l)rr,s,m-«,p9"] (A, y) 

= Sgn(p)" Sgn(x)" A" F r,s,m-n,pg" (A, q" x , fi, y) 

= sgn(2/)" A" ag^p(<7"x, y) X^'+^iv/Pi"^) ^^-x(='^9"M") 
= sgn(y)" a^^p(g"x, y) y+^^y'p) ^^'X{^/p) 

= ^r+x(a/p) ^s-xix/p) sgn(y)" c,, J/) (-sgn(y))x(«"^) |y| iyiq''py/q"x) 



{-K{q^p),-K.{y);q'^)ao ^-^f -q^ / K.{q'^p) 



y (-K(g"x);q^)oo V q K(q x/q"p) 

Xr+xiv/p) ^s-xix/p) ^(^^ („i)x(p) (_sgn(y))x(=^) |y| lyipy/x) 

l{-.{q-p\-n{y)-q^U ^ f -qV . ,2^(^„^/^) 



\^ q^Hi{x/p) 

Xr+x(y/p) ^s-x(x/p) 5(3,^ (_i)x(p) (_sgn(y))x(=^) 

/ (-At(g»,-Sgn(p)g2m^(^).g2)~ / ^ . . 

V {-n{q-x)-q^U \ <f<^IP) 



If, on the other hand, q"a; ^ /g or y/x ^ sgn(p) g™, then 

(g l)A(w)"rr,s,m,p)(A,x,/i,y) = sgn(p)" [(5"" ® l)rr,s,m-n,pg"](A, a;, ^f, y) 

= sgn(p)" sgn(x)" A" F r,s,m.~n,pq^ (A, n,y) ^0 



(5.7) 



Using notation (5^), we define the function Jr,s,m,p ■ T x Kq x T x Iq ^ <C such that for x G Kq, y e /g, 
A, /i e T, fr,s,rn.p{^,x,n,y) cquals 

A'-+X(J./P) ^.-X(-/P) 5(3,^ y) (_1)X(P) (_sgn(y))x(-) |y| 9^)00 0(g''*(x/p); -5^(2-™) ^^2) 

(5.8) 

if y/x = sgn(p) and fr^s.m,p{^, x, p,y) = if y/x ^ sgn(p)g™. Then it is clear from the above 
computations (and the proof of Lemma |6.2[ ) that ( (5^" ® \)K(v)'^ F r,s,m,p converges pointwise to 

fr,s,m.p- (^■'^) 



Define J = {x E Kq \ \x\ < q^ ™ or sgn(a::) — sgn(p) }. By Lemma 6.8 there exists a function H e P{J)^ 
such that 

I V(-sgn(p)g2-«(x);g2)^ ^(-^^^(qV); q2^(^/p); sgn(p)q2(i-™+")) | < H{x) 
for all X € J and n G N. 

1 _i 

There exists clearly a number C > such that g™ v{q™'p) {~K{q"p); q'^)So [q^', (l^)oc^ < C* for all rt e N. 
Let {x,y) e Kq X Iq such that y/x — sgn(p)q'". If > g^^™ then > 1 and since sgn(p)g'"a; = 

y (z Iq, this implies that sgn(a;) = sgn(p). Hence, x belongs to J. So we can define an element G G 
£^(T X Kq X T X Iq) such that for A,^ G T and x G Kq, y G we have that G{X,x, p,y) = 
if y/x ^ sgn(p)(7'" and G{X,x, iJ,,y) = C II{x) if y/x = sgn(p)(7™. Then Eq. (5/7) and the remarks 
thereafter imply that \{v~"' l)A(ti)"Fr,s,m,p| < G for all n G N such that n > 1 — x{p)- Therefore the 
convergence in ( |5.9| ) and the dominated convergence theorem imply that fr,s,m,p belongs to H ® H and 
that the sequence ( («"" (g) \)K{v)'^ F r,s,m,p converges to fr,s,rn,p in H iSi H. 

Since the sequence ((w-"«)l)A({))")^ ' , is a sequence of isometrics and the linear span of such elements 
Fr,s,m,p is dense \x\ H ^ H , we conclude that there exists an isometry Q: H^H^H^H such that the 
sequence ( ({;"" (g) l)A(u)" )'^_-^ converges strongly to Q. (5.10) 

Thus, &Fr,s.rn,p = fr.s,m.p for all r, s, m G Z and p G ii'g. Using Eq. (5.8) and the definition of A and 
u, one easily checks that (u (8) e)fr,s.m,p = fr,s,m,-p and A(u)Fr,s.m,p — F r,s,m.-p for all r, s,m E and 
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p £ Kq (note that s{—x, y) = sgn{y) s{x, y) for all a;, y e M \ {0}). 
As a consequence, 6A(u) = [u® e)9. (5.11) 

Define 6 € B{H ® H) such that 6 \h®h= © \h^h and G) ["jyi®_f/= 0. One sees that /S.{v)Fr,s,m,p = 
sgn{p)rr,s,m-i,qp = ^{v)Fr,s,m,p for all r, 3,171 £ Jj, p £ Iq, Implying that A(d) is the restriction of 
A({i) to H <Si H. So we get for every n G N that A(u)" ["^^/f = (A(i;) )" ["ff(giff= A.{v)"- \h^h, whereas 
^{^)"'\ H^i»H= 0- It follows that Q is the strong limit of the sequence of isometrics ( (u~"(g) l)A{v)"')'^_^. 
As such, e belongs to B{H) (g) Mq. 



We set P — u*u, which belongs to Mq because it is a multiplication operator. Multiplying Eq. (5.11) 
from the right by A(P) and using the fact that uP — u, we see that 8A(?i) = (u (g) e)QA{P). Thus, 
eA{uj ={u® e)eA{pj. (5.12) 

Restricting the previous equation to H ® H , we get QA{u) — {u ® e)8A(P). Applying i (g) A to this 
equality, it follows that {l ® A){Q) (t (g) A)(A(m)) = {u®e® e)(t ® A)(e)(t ® A)A(P). (5.13) 
Ifwe apply A(8)i to Eq. (^.12D, we get (A(g)t)(e)(A(g)t)(A(M))' = (A(M)(g)e)(A(g)0(e)(A(g)t)(A(P))'~. So the 
restriction of this equation to H®H®H gives {A® i){Q){A® l)A{u) = (A(u)«)e)(A«)t)(e)(A(g)/,)A(P). 
Multiplying this equation from the left by 8 (X) 1, we see that 

(8 ®1){A® l){Q){A ® l)A{u) = (eA(u) ® e)(A ® i){&){A ® i)A{P) 

= {u(g)e(g) e)(9 (g) 1)(A (g> t)(e)(i ® A)A(P) (5.14) 



where in the last equality we used Eq. (5.11), the fact that P G Mq and Corollary 5.2. 

Now we calculate (8 (g) 1) (A (g) t)(8). Let n £ N. Since v belongs to M*, Corollary 5.3 guarantees that 



(A (g> l)A{v) = (i (K) A)A{v) which implies that (A (g> i)A{v) = (t A)A{v). Hence, 

([(«-" 0l)A({)")]®l)(A®i)((«""'»l)A(w")) = («-" 1 (g) 1) (A (g i)A(v") 

= («-" 1 (g) 1) (t (g A)A({;") . 

If we let n tend to infinity in this equality, the expression we started with converges strongly to 
(8 (g) 1)(A (g t)(8) whereas the expression we end up converges strongly to (t (g A)(6). Thus, 



(e(g l)(Ag)i)(8) = (i(g A)(e). Inserting this in Eq. (5.14), we conclude that (t(g A)(8) (A(gt)A(u) 



(m (g e (g e)(t g) A) (8) (i g) A)A(P). Comparing this with Eq. { p.l3\ ), we conclude that 



(i (g A)(e) (t (g A)A(u) = (i (g A)(e) (A (g i)A(u) . (5.15) 

The initial projection of © is given by X®)1 where X £ B{H) is the orthogonal projection onto H . In other 
words, 9*8 = X®1. Thus, (tg)A)(e)* (tg)A)(e) = X®1®1, implying that (ig)A)(e) is a partial isometry 



with initial space H ® H ® H . Therefore Eq. (5.15) guarantees that (i (g A)A(u) = (A (g t)A(u). □ 



It is clear from the end of the proof above that we need 8 to be an isometry on H ® H ® H . This 
is precisely the reason for using the extended Hilbert space H , a definition of 8 as the strong limit of 
( ((f *)" g) 1)A(?;)" would not result in an isometry. The need for using 8 should be clear from the 



fact that the range of the operator (A (g t)(6)(A (g i)A{u) in Eq. (5.14) is not contained m. H ® H ® H 



In the last part of this section we provide the proof of Proposition 5.2. The most intricate part of this 
proof is contained in Proposition 5.8. The results before this proposition reduce the problem to a simpler 



form. We stress that this exposition does not depend on Corollary 5.3 or Proposition 5.4 



In order to filter out some distracting features we will change our Hilbert space H®^ . For this purpose. 



define a measure Vl on /^a such that 



n{{{x,z,y)})^\x\\y\ 



{-x,-y\q^)r 



for all 



x,y,z 



£ Iq2 . In this section, all i^-spaces that involve 1^2 are defined by this measure. 
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Define the unitary transformation U : H®^ L'^{T^) (g) L'^{p2,^) such that U [f] = [g], where the 
functions / G £^{{T x 1^)^) and g e C^{T^ x I^^) are such that 

5(A, /i, 77, z, y) = ^(xz, y) x) A" 1^1 l^/^'l 77'°s,2 Ivl (_i)iog,2 1^1 sgn(z)'°s.^ 1^1 sgn(zj)'°s,2 l^^l 
for all A, /i, G T and x, z,y d 1^2 . 



If 6 £ — u g^^^ we define the sets (see Fig. 1 and Fig. 2 in the proof of proposition 5 



K{9) ^ {{x,y) \ x,y G 1^2 such that 0xy G /,2 } and L{0) = { (a;, 9xy, y) \ {x, y) G K{6) } . 

Consider m,k G Z and p G 1,2. Define the function F^^p G T{K{sgn{p)q^'^)) such that for (a;,?;) G 
K{sgTL{p)q^^), 

if sgn{p)q~'^"^y G /^2 and F^ p{x,y) = if sgn(p)g^^™y ^ -^g2. We also define the function G^ ,p G 
T{K{sgn{p)q^^)) by G'^ p(x,?/j = F'l^ p{y,x) for aU G K{sgn{p)q^''). 

Next we define functions p, Gj^ ^ G ^{1^2) both of which have support in L(sgn(p)g^'^) and satisfy 

F!^,pix, sgn{p)q^''xy, y) = F^^p{x, y) and sgn{p)q^''xy, y) = G^,,p(a;, y) 

for aU {x,y) G i^(sgn(p)q^''). 

Define the unitary element <; G G(T'^) such that <^(A, 77, /i) = Xjifj for all A, rj, fi G T. 

Lemma 5.5. The families { F^ p \ p £ Iq2 , m, k E 1^} and { G^^ ^ | p G /g2 , m, fc G Z } are both orthonor- 
mal bases of L"^ {1^2 , ^) ■ Moreover, 

1) the space {v<» F^^ \ v G ^^(T^),^ G /g2,m, fc G Z) is a core for [/ (A (g) i.)iA{^)) U* , 

2) the space ( v is a core for [/ (t g) A)(A(7)) [/*, 

3) ifve L^{T^), p G /,2 and m,k e Z, f/ien 

(C/(A®0(A(7))(:^*)(«^i^™,p) = \pr^M,v^F^_,,^p 
{UiL®A){A{j))U*){v®Gl^p) = br^M,«®G^+i,p . 

Proof. The proof of this fact is pretty straightforward. For r, s,t^n,m G Z and p G I^, we define 

^ {y*®\H)(imT-)®v*){C®C®C®C®r®5p) 
g;;%*'" = (Iff ® v*)vuc ®C®C®C®C® ^v) ■ 



From Proposoition 3.8, we get immediately that the families (-Fmp*'" | r,s,t,n,m G Z,p G Iq) and 
i^rnp'" I r,s,t,n,m G Z,p £ Iq) are both orthonormal bases of iJ®^. Moreover, Eqs. ( |2.l[ ), ( ^.l[ ) and 
( pT^ ) imply that 

1) the space ( F^J^j^*'" | r,s,t,n,m £ Z,p G Iq) is a core for the operator (A (g) ;,)(A(7)), 

2) the space ( G^^^^'^'^ \ r, s,t,n,m G "L.p G Iq) is a core for the operator (t (g A)(A(7)), 

3) if r, s,t,m,n Cz Z and p G /q, then 

(A ^ 0(A(7)) i^;^:/'" = i^^ii'.; and (. ® A)(A(7)) G;-^,*-" = p'^ G:;/;!'", . 

(5.17) 
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By Definition B.6, we get the following equalities (in which the infinite sums are L^-convergent), 

FJuf'"" = {V* ® 1h)(1l2(t2) ® v*){C ® r ® C* ® C" ® r ® -5^) = {V* ® ® C ® rt,„,™,p) 

ap{sgn{p)q-'"y, y) {V* ® Ih){C ®C® C+^^^y'^^® 
V 6 I. 4g„(p),-™, ® C-xii-vM ^ Sy) 



sgn(p)g G /, 



ap{sgn{p)q "y, i/) r,,,,t+x(y/p),sg„(p)g— y ® ^»+"+x(p/a) ^ 



y 6 -f. 



= 51 5Z asgn(p)g-'"y(a;,sgn(p)sgn(y)g*+^(^/P)x) 

sgn(p)g~'"y £ /, sgn(p)sgn(y)g'+''<''/''>a; G /g 

ap(sgn(p)(7-'"y,y) (^+t+xiv/p)+xix)+m-x{y) ^ ^ ^s-x(x)-m+x(y) ^ 
= X! ap{sgn{p)q-"'y,y)asgnip)q-'"v{x,{<l*/p)xy) 

y & Iq X e Iq 

sgn(p)g"'"l; G /, (<?Vp) G Iq 

(.r+t+m+x{x/p) ^g^^ ^s-m+xiv/x) ^ g^^^^^^ ^ ^n+m+x{p/y) ^ (5 ^^8) 

Choose \,fi,ri e T and x,z,y £ 1^2. Look first at the case where sgn(p)q^^'™y e 1^2 and z — 
sgTi{p) q^'^*-~x{p)) xy . Set x' = K^-'^(x), J/' = K^-'^(y) and z' — k^'^{z). Thus, sgn(p)q~™ y' G /g and 
{q^/p)x'y' = z' e /g. Set d = ;vr+t+m+x(:E'/p) ^5-m+x(a7:r') j^n+™+x(p/a'). The above equation, Proposi- 



tion 3.5 and Definition 3.1 imply that 

^mf/'"(^: i^'^{z),V, K^\y)) = d ap(sgn(p)g-"'y', y') a,gn{p)q-''^y'{x' , z') 

= d (sgn(p)sgn(y'))"+^^^'^ sgn(z')^^^'^ sgn(x')^(^') a,(sgn(p)q-'"2/', j/') «sgn(p),-".,' (^', 2^') 
= d (sgn(p)sgn(2/'))'"+''^^'^sgn(z')'''"'^ (sgn(p) sgn(a;') sgn(2/'))''^''^+''^^'^+* sgn(a;')^'"'^ 
c, s(sgn(p)g-™y', y') (-l)x(p)+™+x(y') sgn(j/')'"+'^^^'^ |y'l 

"^^'^ ^\j{-sgn{p)q-^^^y;q^U^\q-^^-^)yMp)\ ' ^^^^^^^ 
s(z', x') (-l)"+xfe')+x(^') sgn(a;')^("'' 

/ -m / / / /(-sgn(p)q-2™?/, / -gV^; . ^ 2(i+m) / \ 

u{q yx/z)^ ;sgnb),(+ j 

= dc^ ) s(x2, y) s{z,x) {-l)x(p)+x(^') 

sgn(p)™+*+x(p) sgn(z')^^"='^ sgn(2/')^^''''''^ l^^l^ l?/!^ 
j {-K{p),^x,~y-q')^ f -q^/n{p) . / ^ 2(1-™) 

V]/ -Q^lx . 2(l+m^-t-x(p))^^ 

^ sgn(p)92(i+*-x(p))y ' 
= A'°s.^ 1^1 li'/^l r^- i°g,2 1!'! s(a;z, y) s{z, x) (-l)i°s.^ 1^1 sgn(z)'°s^^ 1^1 sgn(y)^°s,2 \xz\ |^| i i 

Ji_^l_^l^(_l)x(p)sgn(p)"+*+>^(p) A'-+*+™-x(p) ^„+™+x(p) F^x{p)^x,z,y) . 



If sgn(p) q ^™ y ^ /q2 or z ^ sgn(p) ^^^"^^ 2:?/, then Eq. (5.18) implies immediately that 
F^*j^*'"(A, K^-^(a;), ^, k^-^(z), 77, k~-^(?/)) = 0. So we see that 

t^^mf/'" = (-1)'^'^^ Sgn(p)"'+*+^(^') ^r+t+m-x(p) ^ ^s-m ^ ^„+m+x(p) ^ /'^'-xCp) 
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Proposition 3.1C implies that 

[/g;^I,*^" = f/Si3( J ® J J)(y* ® iff)(iL2(T2) (g) y*)(s j)(C'' c' <^ C* <^ C" ® C <5p) 

= sgn(p)x(p) c/i]i3(j0 J® J)Fr;^:;*-^'-'- . 

Define the anti-unitary operator / on L'^ (T^) igi L"^ {1^2 , ^) such that /[/] = [g] where 7,3 G ^^(T^ x I^^ ) 
are such that g{X, ii, rj, x, z, y) = sgn(a;j/z)^°*'J^ f{r], /i, A, x) for all x,y,z ^ Iq2 and X, ii,ri £ T. 
Let x,y,z e 7^2. If z > 0, it follows from the considerations before Definition 3.6 that s{xz,y) — 
sgn{xy) s{yz, x) and s(z, x) — sgn(xy) 5(2:, y). If on the other hand z < 0, we have s{xz, y) — s{yz, x) and 
s(z, x) = s{z, y). Thus, in both cases s{xz, y) s(z, x) — slyz, x) s{z, y). Now it is straightforward to check 
that t/I]i3( J ®J®J)=iU. Thus, 

= (_1)X(P) sgn(p)"+" / (^-"-^-™-x(p) ^ ^-t+m ^ ^-r-m+x(p) ^ FZ^^^p^) ■ 

Since FZ^^^^^^ is supported on the set L{q-'^yK{p)) and sgn(xyz)'°8^<!2 l^^i/^l ^ sgn(p)''+x(p) for all (x, y, z) G 
we get that 

This implies for r', s', t' G Z, fc, m G Z and p' G /g2 , 
r' C' C*' « ^^,p' - sgn(y)"+'= 

r' C' C*' ® G^,p' - sgn(p')"+'°^'^i^'i . 

From these two equations and the properties listed in ( 5.17 ) in the beginning of the proof, all the claims 
in the statement of this lemma easily follow. □ 

Set D ^ {C \ r eZ) C L^{T). 

Lemma 5.6. The operator J/Aq^'' (7o)[/* is an adjointable operator on D'^^ /C(/^2)®^ such that 
(?7A[,^^(7o)[/*)t = UAI^\-/1)U*. Moreover 

{UA''^\-fo)U* g){X,^i,'n,x,z,y) =q\xy/z\^ — [{l + q^'^y) f{X, fi,7j,q'^x, z,q^'^y) 

xy 

-(1 + q^^y) V, X, q^'^z, ?7, q^^y) - (1 + z) ^(A, ^, i], q^x, q^z, y) + g{X, /x, 77, x, z, y) ] 

for g G /C(/,2)®3, A,^,77 G T and x,z,y e /,2 . 

Proof. Since the domain of a[,^^(7o) and A^^^(7^) is £;®3 ^nd clearly U{E^^^) = D'^^ /C(/,2)©^ the 
statements about the adjointability of Aq^^(7o) follow easily. Using Eqs. (|l.5| ), one checks that 

^0^^ (70) = 70 ao O ao + eoaj 70 ao + eoaj eoaj 70 + g 7o © eo7(S © 7o • 
So we get for / G i?®'^, x, y, z G and A, ^, 77 G T that 

A 



V sgn(z) + 92/2:2 ^ sgn(y) + q7y2 ^ ^z,ri,q ^y) 

X 



+sgn(a;) - sgn{x) + l/x^ sgn(y) + q^/y"^ /(A, gx, ^, z, 77, g ^y) 

+sgn(a;z)- Vsgn(a;) + l/a;^ ^sgn(z) + l/z^ /(A, gx, ^, gz, 77, y) + sgn(z) /(A, x, fi, z, 77, y) 

y xyz 

= sgn{yz) v^l + g-2 k(z) ^^1 + q^'^K.{y) /(A, x, /i, g~^z, 77, g^^y) 

xyz 

+sgn(?/) — yrTK^x) yiTg-My) /(A, gx, /i, 2, g~^y) 
xyz 

+ — y/l + k{x) Vl + k{z) /(A, gx, ^, gz, t], y) + sgn(z) /(A, x, ^, z, 77, y) . 

xyz xyz 
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The inverse U* of U is such that 
{U*f){X, X, fi, z, rj, y) = s{xz, y) s(z, x) A'°s<jI^I ^'"sJ^'/^I r;" (-l)^"^. 1^1 sgn(z)'°S5l^l Bgn{yf°^>^\ 



\x\ \y\ \ ( ^(^)' "^^^^^'^ -''^ f{X,H,T],K{x),K{z),K{y)) 

for / G /C(/g)Q3, A, /X, 77 G T and x, z, ?/ G I^. 

Then the following rules are easily established for g G £'®'^0/C(/g2 )®^, x,y, z 1^2 and a; = (A, r/, /i) G T^. 

(1) If / G D®^ /C(/,)®3, then {UMfU*g){Lo, x, z, y) = /(A, ^-1(2;), ^i, At-i(z), ?7, ^"^(y)) sC'^, ^, y)- 

(2) T,-i T,-i)f/*5)(t^, a:, 2, y) = -g^i sgn(y) ^lt] 7(1 + ^)0+^^1)^ ^(^^ ^.^ ^-2^^ ^-2^)^ 



(3) ([/(T, 1 T,-i);7*5)(w, a;, z, y) = sgn(yz) ^(T+rtKl+^fflt-', ^'a^, 2, (T^V)- 



(4) (;7(r, T, l){/*g)(u;, x, z, y) = -9Sgn(z) A/2 ^(1 + z)(l + x)"! q^a;, g2^, 2;). 

This implies that for g G I?®^ /C(/,2 x,y,z ^ 1^2 and w = (A, rj, ^) G T^, 

(f/A^'^(7o)C/*g)(a;,x,z,y) 

= -sgn(z) '^^'^ (1 + g^^y) g{uj, x, q'^z, q-^y) 
K '-(xyz) 

, . ^A/lry -2 N / 2 -^1 \ 

+sgii(z)— :Y7 + 9 y) 9{^:<1 x,z,q y) 

K (xyz) 

, , qXu.r\ N / 2 2 N 

-sgn(z) —77 r (1 + 2) g X, g z, y) 

K ^[xyz) 

+S8n(z) -5r(w,x,z,y) . 

K '-(xyz) 



V?7 

xy 

-(1 + z) g{uj, q'^x, q'^z, y) + g{uj, x, z, y) ) 



= q\xy / z\^^ {{I + q ^y) g{uj,q'^x,z,q ^y) - (1 + g "^y) g(uj,x,q ^z,q ^y) 



□ 



Let us also get rid of part of the operators acting on L'^{T^). For this purpose we introduce normal 
operators 7/ on 7^ in L^{Iq, fl) such that 

(1) the space ( ^ | p G /,2 , to, A; G Z) is a core for 7/, 

(2) the space ( Gf„_p | p G 1^2 , to. A; G Z) is a core for 7^, 

(3) if p G Ig2 and to. A: G Z, then 7; F^ ^ = \p\-i F^+i,p and 7^ ^ = \p\-^ G^+i,p. 



By Lemma |5^ we know that [/((A l)A{j))U* = M<; ® and [/((t A)A(7))[/* = 7^. So in 
order to prove that (A t)A(7) — {i® A)A(7), it is enough to show that 7; — "fr- 

The description of 7; and 7^ in terms of eigenvectors will not be sufficient to solve this problem. We 
will also need to know the explicit action of 7; and 7^ on functions in its domain. For this purpose we 
introduce the linear operators 7, 7^ belonging to End(J^(/^2)) such that 

ilf)ix,z,y) = g|xy/z|^ — ( (1 + g^^y) f{q'^x,z,q^'^y) - (1 + g^^y) f(x,q^'^z,q^^y) 

xy 

-(1 + z) fi'f'x, q^z, y) + f{x, z, y) ) 

and 

(7^ /)(x, z, y) = g |xy/z|^ '^^'^^^ ^^^^^ fi^^^x, z, g^y) - (1 + z) /(x, g^z, g^y) 

-(1 + g^^x) /(g^^x, g^^z, y) + /(x, z, y) ) 
for all / G J- {1^2) and x,y, z £ 1^2 . Note that 7^ is obtained from 7 by interchanging x and y. 



Lemma 5.7. /// G £'(7;) and g G D{-f;), then -fi{f) = j{f) and -f*{g) = ^'<{g). 



35 



Proof. Define the sesquilinear form (.,.): ^(^^2) x ^{1^2} C such that 

= f{x,z,y)g{x,z,y)\x\\y\ ^ /^^^ 

for all / e /C(/3,) and g e j^(/^^2). 

Under this pairing, !F{I^2) is anti- linearly isomorphic to the algebraic dual of K.{1^2)- So there exist an 
anti-linear anti-homomorphism ° : End(/C(/32)) Y^nd^T^ll^)) such that {T{f),g) = {f,T°{g)) for all 
/ G IC{Iq2) and g € ^{I^^)- If / G ^(-^,2) and 3 G L'^{1^2,^) then equals the inner product in 

L^{1^2,^)- So if T G End{IC{I^2)), then T*(/) = T°(/) for all / G D{T*) (and the domain of T* consists 
of aU / G L^{I^2,i^) such that T°{f) G L^{1^2,^) ). Moreover, T G End(/C(/32)) is adjointable if and 
only if T°{IC(I^2)) C IC{I^2) in which case is the restriction of T° to /C(/32). 

If j3 = (pi,p2,P3) G u g2Z)3 and .g G :^(/^2), we define fp,Mg G End(J^(/3,)) such that 

Tp{f)(x,z,y) = f{pix,p2Z,p3y) and Mg{f){x, z,y) = g{x, z,y) f(x, z,y) 

for all / G ^{1^2) and x,z,y G 7,2 . We denote the restrictions of Mg,Tp to K,{p2) by Mg,Tp G 
End(/C(/^2)) respectively. 

Let '^i,'C2,C3 denote the 3 coordinate functions on 7^2 • Define also an auxiliary function : 7^2 ^ K such 
that for x,y,z G 7^2, ti;(a:,0,j/) = (1 + q^^z)^^ if z ^ — g^ and w{x,z,y) = if z = —q^- It is not so 
difficult to check that 

= ^'^l+g-^Ci rg-2^i_i '^r,l,g-2 = 9^ ^(H-«3)-i ^1,1,9" 

A7° = M, if5e^(/^2) . 

Thus 

^q\q\l = ^c^(l+g-25i) Tq-2,,-2,1 ri°g-2_,-2 = M(i+5,)(i+53)-l Ti,q2 q2 

T°2^l^g-2 = M(l + ,-25^)(l+^3)-l Tq-2,1,,2 . 

Let 7 denote the restriction of 7 to IC{l\). Clearly, 7 = TpMg^ where p ranges over (9^,(7^, 1), 
{\,q-'^,q~'^), [q^, 1,9"^), (1, 1, 1) and gp belongs to Til^). Therefore 7 is adjointable. 
Moreover, 7° = Mg^ Tp. Now an easy calculation reveals that 7° =7^. Similarly, (7^)° = 7. 

Lemma U implies that J/aJ,^^ (7o)C/* = MJ^os ©7 and Uls!i^\-i^)U* = M^loQi 07^ 



By Proposition 5.1 and the remarks before this lemma we get that 

M;rB03 07^ = [/a[,'^(7^)[/* C C/((A©i)A(7*))[/* = M,* 07; . 

Multiplying this inclusion from the right with 1^2(j3_^ q), we get that l£)03 C 1^2(^3) 7/*. 
Fix a unit vector w G 7?®'^. Define the bounded linear operator T : L^(T'^) — > C such that T(x) = {x,w) 
for all a; G 72(T-^). Then (T0 1^,2(^3^ ^f^)) (lL2(T3)0 7f) C 7,* (T0 1^,2(^3^ ^5^)). So if w G ^1^2), then w0w 

G 7)(li2(T3) 7*) and (1l2(t3) 7/*)(if t;) = u; 7'^ t;. Thus, (T lL2(/3^,n))(w^ i;) G 73(7,*) and 
7z*^^ = 7z*(T0lL2(/3^,n))(^i'0^') = (?'0lL2(/3^,o))(lL2(T3)07r)(w'»^') = iT®lL^is^^a))iw(Sl^v) = ^^v . 

So we have shown that 7^^ C 7,*. Taking the adjoint of this inclusion we see that ji C (T-t)*. By the 
remarks in the beginning of the proof, this imphes for / G D{"fi), ^i{f) — (7^)*(/) — il^Tif) = lif)- 
Starting from the inclusion Ag (70) C (t (g) A)A(7), the statement concerning 7* is proven in the same 
way. □ 

Let us further reduce the 3-dimensional problem to a 2-dimensional one. If 6* G q'^^ U — g^^^, we de- 
fine Lg{1^2,^) to be the closed subspace of Lg{1^2,^) consisting of all functions that have support 
in L{9). Then L^(7^2,ri) is the orthogonal sum ©0gq2Zu_q-2zLg(7^2 , il). We know that F^p,G^ p G 
^sgn(p) q^" (^,2 , ^) for aU p G 7,2 , TO, A: G Z. 
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Thus, lemma 5.5 implies that both families {F„iJ \ P & Iq'^ such that sgn(p) = sgn(0),m S Z) and 
( Gm,f ' ' I p G /g2 such that sgn(p) = sgn(6'), to G Z ) are orthonormal bases of Lg{p2 , ^^)- 

It follows from the definition of 7; and 7^ that Lg{1^2, ^) is invariant under 7; and 7^. 

Before starting the proof of the next result, let us first introduce some notation. Therefore suppose that 
C C (— U g^^) X (— U q"^^) and consider a function / : C — > C. Then we define new functions 
dif, d2f:C^C such that {dif){x, y) = f(9'^:V)-f{^,y) ^nd (a2/)(x, ?/) = for all (x, ?/) G C 

(recall discussion (2) in Notation and conventions). 

Proposition 5.8. We have that 7/ — jr- 

Proof. Fix 6 G -q^^ U g^^. Set k = log^2|0|. On if (0) we define the measure fie such that 

ngi{(a:,y)})^\x\\y\t^fy4^ 
(~Oxy;q^)oa 

for all {x,y) G K{9). Define a unitary transformation S : Le{1^2,^) — > i^(if (6*), ^^e) such that 
(S/)(x,y) f{x,exy,y) for all / G Le{p2M) and G -ft:(6l). Notice that Sl;^, ^ = F^^^^ and 

^wii.p = ^m.p foi' all TO G Z and p G /g2 such that sgn(p) — sgn(6'). Set 7^ = S7r \Le{i^2'^) ^'^'^ 
7f = ^1i\lo(i^^2,^) 

(1) the space {Ff^ p \ p £ Iq2 such that sgn(p) = sgn(0),TO G Z) is a core of , 

(2) the space (Gf^ j, | p G 1^2 such that sgn(p) = sgn(0),TO G Z) is a core of (7^)*- (5.19) 



Choose / G D{jf) and g G D{{%)*). By Lemma |5 .71, we know that for {x,y) G K{9), 



ill f)i^, y) = q l^r ^ — ( (1 + q'^v) fiq^^, q'^v) - (i + q'^v) fi^, q'^y) - (i + ^a:y) f{q^x, y) + /(x, y) ) 

xy 

(5.20) 

and 

((7,^)* g){x, y) = q \e\-^ — ( (1 + q'^x) g{q-^x, q^y) - (1 + Oxy) g{x, q^y) - (1 + q-^x) g{q-^x, y) + g{x, y) ) 
xy 

(5.21) 

Note the symmetry between the above formulas for 7^ and (7^ )* with respect to interchanging x and y. 
Define the auxiliary function h : K{G) C such that h{x, y) = (~exy;^^) ^'^^ ^ ^i^)- 

We want to show that {jif,g) — (/, {lt)*g)- The difference of these inner products are sums over the 
whole area K{9) but we will start by approximating these sums by sums over a finite subset of K{d) 
obtained by cutting off K{0) by 4 rectangles (see Fig. 1 and Fig. 2 later in the proof). Then we let these 
rectangles get bigger and bigger. In this way, these finite sums converge certainly to the sum over the 
whole of K{9). In the second part of the proof, we will then prove that these finite sums converge to 0, 
implying that {■yff,g) must be equal to (/, (7f)*5). 

So let us first calculate the contribution of one rectangle, lying in one of the quadrants, to the difference 
of the above inner product. Therefore let a, 6,c, d G Iq2 such that sgn(a) — sgn(6), sgn(c) = sgn(c?), 
\a\ < \b\ and |c| < \d\ and set 

C{a,b;c,d)= J2 ( (7f /)(^, v) 9{x, y) - f{x, y) ((7.^)*g)(x, y) ) \x\ \y\ h{x, y) . (5.22) 

{x,y) e K[e) 

X between a and h 
y between c and d 

where the statement 'x between a and 5' allows for x to be equal to a or 6 as well (similarly for y). 
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Using Eqs. ( 5.2C ) and ( 5.21 ) and recalling discussion (2) in Notations and conventions, we get that 
1^1 5 sgn(ac) C(a, b; c, d) 

b d b d 

= 51 + ^^^y^ I '^y) dix, y) h(x, y) - X! + "^^^^^ Sil^^x, q^y) h{x, y) 



x—a y—c 
b d 



x—a y—c 
b d 



^^i'^ + l ^y) fi^^l ^y)9{x,y)h{x,y) + '^^{l + 9xy) f{x,y)g{x,q'^y)h{x,y) 



x—a y—c 
b d 



x—a y—c 
b d 



^^{l + 9xy) f{q'^x,y)g{x,y)h{x,y) + ^^{l + q ^x) f{x,y)g{q '^x,y)h{x,y) 



X—a y—c 



X—a y—c 



= X! X! i'^+y) fil^^^y)9{x,q^y)h{x,q^y)- ^ ^{1 + x) f{q'^x,y) g{x,q'^y) h{q'^x,y) 

x=q^^ay=c 



x=a y=q-^c 
b q^^d 



b d 



5Z (1 + y) /(^' y) yi^^ i^y) H^^ i^y) + X! + ^^2/) fix, y)g{x, q^y) h{x, y) 



'■y=q ^c 
b d 



x—a y—c 



Y,Y.^l + exy) f{q^x,y)g{x,y)h{x,y)+ J2 Y.^l + x)f{q^x,y)g{x,y)h{q^x,y). (5.23) 



x=q-'^a y=c 



Define the set S* = { (x, y) G (-g™ U q^"^) x (-g^^ U g^^) | q^Oxy S /,2 }. Define a new auxihary function 
h' : S ^ C such that h'{x, y) — for all (x, y) G S. Now observe the following basic facts: 



(1 + y)h{x, q^y) - h'{x, y) if {x, q^y) G K{e) 
(1 + exy)h(x, y) = h'{x, y) if (x, y) G i^(^^) . 



(1 + x)h{q^x, y) - h'{x, y) if (q^a;, y) g X(0) 



Remembering that / and g are defined on K{9), these facts combined with Eq. (5.23) imply that 
q^^ |6'| 2 sgn(ac) C(a, 6; c, d) 

= Y fi<l^x,y)g{x,q^y)h'{x,y) - ^ ^f{q^x,y)g{x,q^y)h'{x,y) 

x=ay=q-2c x=q-^ay=c 
b q^^d b d 

-Y Y fix,y)g{x,q^y)h'{x,y) + ^^f{x,y)g{x,q^y)h'{x,y) 

x—ay—q-^c x—a y—c 

b d q^^b d 

fil'^^' y) 9i.x, y) h'{x, y)+ Y Y fil^^' y) 9{x, y) h'{x, y) . 

x=ay=c x=q-^ay=c 

In the above sum, most of the terms of the sums in the left column are cancelled by the terms of the 
sums in the right column. What remains is 

q~^ \9\ 5 sgn(ac) C(a, 5; c, d) 

b d 

= + Y fil^°'^y)9{a,q^y)h'{a,y) 

x=a y=q-^c 
b d 

- f{q'x,c)g{x,q'c)h'{x,c)-J2f(b,y)g{q-'b,q'y)h'{q-\y) 

x=q-'^a y=c 
b b 

- Y fi^' 1^^^^ 5(a;, d) h'{x, q^^d) + ^ f{x, c)g{x, q^c) h'{x, c) 

x—a x—a 
d d 

- Y fil^"-' y) 2^) '*'('^' y) + Y y^ SiQ^^b, y) h'{q'~'^b, y) 
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^(/(g^a;, q-^d) - f{x, q-^d) ) g{x, d) h'{x, q-'d) 

x—a 
d 

- E /(^' q'y) - 9{q~\ v) ) h'{q-\ y) 

y=c 

b 

+f{a,c)g{a,q^c)h'{a,c) - ^ {f{q^x,c) - f{x,c))g{x,q^c)h' {x,c) 

d 

-f{q'^a,c)g{a,c)h'{a,c)+ ^ f{q^a,y){g{a,q^y)~g{a,y))h'{a,y). (5.24) 



Set / = { V e /+2 I V < q^ ,v < \e\-^ and V < \O\-2q}. liv e I we define v' = q'^/v\d\. Let us calculate 
the contribution of the 4 rectangles depicted in Fig. 1 and Fig. 2 to {jf f,g) — (/, {'^f)*g)- Therefore set 
C{v) = C{v, v'; V, v') + C{-v, ^q^;v, v') + C{-v, -q^; -v, -q^) + C[v, v'; -v, -q^). 



It is clear from Eq. (5.22) and the dominated convergence theorem that C{v) converges to {jif^g) 
if, (jfrg) asv^O. (5.25) 



9xy = —q 



9xy = -q^ 




Fig. I: e>0 



Fig. 2 : 6* < 



If 6* < 0, we set 

CooAv)= Y.{d^f){x,q-\')-g{x,v')h'{x,q-\')\x\~ J2 /K, 2/) (52g)(<?- V, y) /i'(q- V, y) H 

X — ~-V y — — v 

and if ^ > 0, we set 

v' v' 

C^,M^Y.^dif){x,q-\' )g{x,v')h'{x,q '^v')\x\ f{v' ,y) {d2g){q '^v',y)h'{q "^v ,y)\y\ . 

x—v 

Regardless of the sign of 6*, we set 



y=v 



CooA^) = sgn(0) f{v', -sgn{9) v) g{q-^v', -sgn(0) q\) h'{q-\', -Sgn{0) v) 
-sgn{0) /(-sgn(0) q\, q-\')g{-sgn{9) v, v') h'{-sgn{0) v, q-\') 
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and 

Co^o{v) = f{v,v)g{v,q'^v)h'{v,v) - f{q'^v,v)g{v,v)h'(v,v) 

-f{-v, v) g{-v, q^v) h'{-v, v) + f{-q^v, v) g{-v, v) h'{-v, v) 

+f{-v, ~v) g{-v, -q^v) h'{-v, -v) - f{-q^v, ~v) g{-v, -v) h'{-v, -v) 

-f{v, -v) g{v, -q^v) h'{v, -v) + f{q^v, -v) g{v, -v) h'{v, -v) , 

v' v' 

CoAv) = J2 f{q'v,y){d2g){v,y)h'{v,y)\y\- ^ f {-q^v,y) {d2g){-v,y) h' {-v,y) \y\ , {5.26) 
CoAv) = E I{<fv,y){d2-9){v,y)h\v,y)\y\- ^ f{-q\,y) [d2-g)[-v,y)h' {-v,y)\y\ , 

y^-q-'^v y^-q-'^v 
v' v' 

C^Av) = - E {d^f){^,v)9{^,<l^v)h'{x,v)\x\+ ^ {dif){x,~v)-g{x,~q^v)h'{x,-v)\x\ , 

2 2 
-q -q 

Coa{'") = - E i9if){x,v)g{x,q^v)h'{x,v)\x\+ ^ {9if){x,-v)g{x,-q'^v)h'{x,-v)\x\. 



,-2, 



A bookkeeping exercise based on Eq. ( 5.24 ) reveals that 

4 

q-'\9\iC{v) = CooAv) + C^,i{v) + J2'~^oA^) ■ (5.27) 

i=0 

In order to show all the nitty gritty work involved, let us calculate C{—v, — g^; v, v') in the case of 6* < 
(keep Fig. 1 in mind). So in Eq. (5.24) we have to set a = —v, b = —q^, c~v and d = v' . 



(1) If x e Iq2 n [~q^, -v], then f{x,q^'^v') = since {x,q~'^v') ^ K{9). If x £ 7,2 n [-g^, -v) then also 
f{q^x,q''^v') — since {q^x,q~'^v') ^ K{9). But note that [—q^v,q~'^v') G K{9). So the first sum of 
expression ( ^.24| ) equals f{—q'^v,q^'^v')g{—v,v')h'{—v,q^'^v'). 

(2) For all y e Iq2 n [v,v'], clearly g{—\,q^y) — g[~l,y) — 0. Thus the second sum in expression ( ^.24 ) 
equals 0. 

(3) For all x G 7^2 n [~q^ ,~q~'^v], we have that f{q^x,v) — f{x,v) = — |a::| {dif){x,v) and for all y e 
7,2 n [v,v'], we have that g{-v,q^y) -g{-v,y) = \y\ {d2g){-v,y). 



Putting all these results into Eq. (5.24), we see that 

-q-^\9\^C{-V,-q';v,v') 
= f{-q^v, q-^v') gAv, v') h'{~v, q'^v') + f{-v, v) g{-v, q^v) h'{-v, v) - f{-q^v, v) g{-v, v) h'{-v, v) 

2 / 

— q V 

+ E i9if)i^^'")9ix,q'^v)h'{x,v)\x\+ ^ f{~1^v,y){d2g){-v,y)h'{-v,y)\y\. 

x— — q^2v y—q^'^v 

Similarly, one calculates C{v,v';v,v'), C{—v,—q'^;—v,~q'^) and C{v,v' ; —v, —q'^). Adding these four 



results together, one finds Eq. (5.27). The case 6* < is treated similarly. 



Now we are going to make specific choices for our functions / and g. Therefore take m,n £ Tj, p,t 7,2 
such that sgn(p) = sgn(i) ~ sgn(6') and define / and g such that for {x, y) E K{9), 

,«,:iy;/H ; »8"(«) ,«■-■>) * ( -"^a^c::;^"' . (5.28) 

if sgn(6') q^'^'^y E 7,2 and /(.t, y) = if sgn(6') q^^'^y ^ 7,2 , and on the other hand. 
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if sgn(6') g-2n^ £ and /(x, y) = if sgn(6') q-'^'^x ^ Ig2. By Eq. ( ^I6| ) and Result U, F^^ p,G'L„^t are 
proportional to respectively. In the next part we will show that for this choice of / and g, C{v) — s- 
as w 0. 

Notice that g is obtained from / by interchanging x and y and replacing the parameters m,p by n,t. 
There is also some symmetry with respect to interchanging x and y in the formulas defining Coo.o(w) and 
C'oo,i(w). Similarly, note the symmetry with respect to this variable interchange between Co,i(w), Co,2(w) 
and Co,3{v), Co,4(w) respectively. This is of course in correspondence with the symmetry observed in 
Eqs. (|^) and ( p^ . We wiU make use of this symmetry to reduce our work. 

Let a e C. Then ( {aq'^ z; q'^)oo — {az;q'^)oo)/z = a{aq^z\q^)ac for all z G C. Using this simple fact, a 
careful inspection learns that for {x,y) G K{9), 



-q'/p 



2(l-r: 



'y/\p\ 



; sgn(6') q 



2(1-7- 



-sgn(6') q 



2(l+m) 



/y . 



2(2+™+.), ;sgn(0)92(2+'=)j, 



if sgn{9) q G Iq-i and {dif){x, ?/) = if sgn(0) q ^ -^^^ . On the other hand, 
id,g)ix,y)=q^^^^-^^^ * ^ ^2(r-Sl'/|,| ; sgn(^)<z^(-")) * ( "^^^if^UT^^^ ^ sgn((?) 



(5.30) 



if sgn(0) q "^"x G Iq2 and {d2g){x, y) = if sgn(6') g ^"x ^ /,2. 



Now we will show that the different summands of C{v) as described in (5.27) converge to as u ^ 0. 
(1) First we quickly check that Cq_o(v) — > as i> — > 0. 

Let {{xr,yr))'i^i be a sequence in K{9) that converges to (0,0). Then sgn{9) q^'^'^yr G Iq2 and 
sgn(0) G Iq2 for r big enough. Therefore Eqs. ( 5.28 ) and ( 5.29 ) imply, as in the proof of Lemma 

"3, that 



f{xr,yr) ^ M'(-<zVp;O;sgn(^^)g2(l-™))0(O;-g2(2+™+fc)^ 
g{xr,yr) vI;(_57t;O;sgn(0)g2(i-))0(O;-g2(2+n+fe)) 



as r — > oo , 
as r — > oo , 



where we used notation (5.4). We have also that h'{xr,yr) ^ 1 as r ^ oo. From this all, we easily 
conclude that Co,o{v) ^ as w ^ 0. 

(2) Let us now deal with Coo,i{v)- First consider the case where 9 < 0. Assume for the moment that 
V < q-^"'/\9\ and V < q-^'''/\9\. Then q'^"'{q-^v') > 1 and q-^'^q-^v') > 1. Hence, sgn(6') g-^m [q-^v') 
and sgn(0)(7~^" {q~^v') do not belong to Iq2. As a consequence, {dif){x, q~'^v') = {d2g){q^^v' ,x) — 
for all X £ Iq2r\ [-q^,-v]. We conclude that CooAv) = if z; < g-2™/|6l| and v < q-^''/\9\. Thus 
Coo,i(w) ^ as u — > 0. 



Now we look at the more challenging case where 9 > 0. Referring to Definition 3.1, Eq. (5.25) and Result 
3.4, we get the existence of a constant D > 0, only depending on m, p and 9 such that 

\{dif){x,q''y)\^ h'{x,q-^y)xy 

^ D \a^-.(^p-^{K-\q-^"')K-\q-^y),K-\q-'^y))\^ |a,-i(,-.(„+i,^) («-!(%) (x), a^'^ (x)) 

for all X, y G 7^2 • Therefore Proposition |3.2| implies that 

^ ^ \{^^f){x,q-^y)\^ h'{x,q-^y)xy^DY, \a,-.^^^{n-\q-^^)n-\q-^y), K-Hq-^v))? 

X Yl l«'c-i(9-^<'"+i)y)('«~^(^y)'«~^(^)''«~^(2^))l^ 

q2 

K-Hp){^-\q-^n^-\q-%),n-\q-'y))\^ < D. 
Thus, J2yei+ y J2xei+ \i9if){x,q''^y)\'^ h'{x,q~'^y)x < oo, which clearly implies that 

q2 g2 

I i9if)ix, q^^y)\^ h'{x, q-^y) x as y ^ oo. 
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On the other hand, 



y e /+ xG/t, y e /+ xe/+2 ' °° 

y>l y>l 

y e /+ 2;G/+2 
y > 1 



smce g belongs to L?{K{9),Q.b). So we also get that X]xe/+ h'{x,q ^y)x ^ as ?/ ^ oo. 

By the Cauchy-Schwarz inequality, we have 

v' 

\Y,{d^f){x,q-\')-g{xy)h'{x,q-\')x\^ 

X — V 

<( E l(ai/)(x,g-V)|2/i'(x,g-V)x)( 5] |g(a;,i;')p/i'(a:,g-V)a;) . 

g^ 9^ 

Therefore the considerations above imply that 

v' 

J2{dif)ix,q~^v')g{x,v')h'{x,q-^v')x ->0 as v^O. 

X—V 

Hence, the obvious symmetry between / and g guarantees that also 

V 

E 2^) id2g){q~^v', y) h'{q-\\ y)y ^0 as v ^ . 

y=v 

Thus, we conclude that Coo,i(w) — > as w — > 0. 

(3) In the next step we prove that Co,i{v) + Co,2(w) ^ as u ^ 0. (5.31) 

Let V e / such that v < g2(n+i) xhcn \q-'^"v\ < q^, thus ±sgn(6') g^^n^ Therefore Eqs. ( ^.28D , 

and Result ^ imply for y G /,2 n ([-(?^ -g^^w] U [q~'^v, v']), 

f{±q'v, y) {d2-g){±v, y) h'{±v, y) \y\ = g2(i+„+fc) (^^^ „y. ^2)^ (^q^Qvy; q^)^ \y\ 

"fi-qVp; (7'^'-"V/bl; sgn(0)g2(i-™)) sgn(^)g2(i+fc)y; ±q2(2+m+fc)^) 

±g'('~"^v/|i|; Sgn(0) (72(1-")) *(^Sgn(0)(z2(l+«)/t;; g2(2+n+fe)y. ±sgn(0)q2(2+fc)^) 

(5.32) 

if sgn{e)q-^"'y G 1,2 and f{±q^v, y) {d2g){±v, y) h'{±v, y) \y\ = if sgn(6l)q~2my ^ ^^^^^^^ f{±q^v, y) 
= in this case). 

If w e / and y e /g2 n ([-g^, -g^^w] U [g"^w,w']), then (±w,y) e -f'^(^'), thus ±q^Ovy > -g^, so 
{^q^Ovy; g^)oo > (g^; g^)oo- So we get easily the existence of a constant C > such that 

|^2(l+„+fc) (^^. ^2)^ (^g2^^y. ^2)-^l vl;(_52/^. ±q2il~n)^/\t\.^g,^(^0) ^2(1-„))| < ^ 

for aU w e / such that v < g2("+i) and y e 1^2 n ([-g^, -g^^w] U [q^^v, v']). 
Moreover, Lemma 3.8 implies the existence of 

(a) a number D > such that |*(=f1/w; sgn(6')g2(i+'=)y; ±g2(2+™+fc)t;)| < £> for aU y e 1^2 such that 
sgn(6') g"2™ y € 152 and v £ I such that < g2("+i). 

(b) afunctioniJi £ Pilg2)+ such that \y\i |(-y;g^)oo|' |«'(-gVp; g^^^^^^y/bl; sgn(6')g2(i-™))| < Hi{y) 
for all y £ 1^2 

(c) a function H2 £ l^{Iq2)+ such that \y\^ |(-y;g^)oo|^ |^'(Tsgn(6l)g2(i+")/'y; g2(2+"+fe)y; 
±sgn(6')g2(2+fe)„)| < H2{y) for all y e 1^2 and v £ I such that w < g2("+i). 
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Now define H e ^(1^2)+ a.s H = C D Hi H2. Then Eq. (|5.32D implies that 

I fi±q^v, y) {d2g){±v, y) h'{±v, y) \y\ \ < H(y) 

for w e J such that v < and y € 1^2 n ([-g^, -g^^w] U [q^'^v, v']). 

Define the function G : 7^2 — > C such that for y ^ 1^2, 



G{y) 



^2(l+„+fc) ^,(_<^2/^;O;sgn(0)g2(i-»)) ^,{-q^/p;q^i^-"^)y/\p\-sgn{9)q 



2(l-r: 



0(sgn(0)g2(l + '=)y;_5 



2(2+m+fc) 



2(2+n+fc) 



2(3 + Tl + fc)N 



if sgn(6') g ^'"y G /g2 and G(?/) = if sgn((?) g ^ Iq^ (here we use the notation introduced in (5.4) ). 

If we fix y e Iq2, we see that y G [—q^.—q^'^v] U if v is small enough. By Eq. (5.32), we 

have moreover that f{±q^v,y){d2g){±v,y)h'{±.v,y)\y\ G{y) as u 0. Therefore the dominated 
convergence theorem implies that G £ l^{Ig2) and 



fi±q^v,y)id2g)i±v,y)h'{±v,y)\y\ + f(.±q^v,y) {d2g){±v,y) h\±v,y) 



y=q-2v V=-q^ y^^q2 

as u — > 0. Thus, it follows that Co,i(w) + Go,2('i') ^ as u ^ 0. The aforementioned symmetry between 
/ and g then guarantees that also Co, 3(1;) + Go,4(w) — + as w — > 0. 

(4) In the last step we look at Coo.o{v). First assume that 6 < 0. If u G / and v < q~'^'^/\0\ 
then sgn(6') g-^'" (q-2„') = -g-2'"/w|6»| < -1. Thus Eq. ( p8| ) implies that /(-sgn(6') g^^, 5-2^;') 
5(— sgn(6') V, v') h'{~agn{9) v, q^^v') = 0. So in this case, /(— sgn(6') q'^v, q~'^v') g{—sgn{9) v, v') 
h'{-sgn{e) V, q^^v') as w 0. 

Now we look at the more challenging case where 9 > 0. li v G I and v < g^"+^, then sgn((?)g^^™ {q~'^v') 
and — g^^"-y clearly belong to Iq2] thus Eqs. ( 5.28| ) and ( 5.29| ) and Result 5.4 imply that 

|/(-sgn(0) q-\') g(-sgn(0) v, v') h'{~sgn{e) v, q-\')\ = {-v, -l/v9; q^)^ 

(g2; ,2)^1 I ^(_g2/p. g2(l-™)/^^p. ^2(1-™)) I I ^(^/^. q2il+.)/^0. _q2(2+™+fc)„) | 
I *(-q2/i. _q2(l-n)„/i. q2(l-n)) | | ^(q2(l+„)/^. q2(2+„+fe)/^^. _q2(l+fc)^) | 

) I < C for all 



By Lemma 3/?, there exists a number G > such that | ^(— g^/p; g^*-^ "^^ / v9p; q^'^^ 



V £ I. Therefore the above equality and Lemma S.9 allow us to conclude that 
/(-Sgn(0) q^v, q-^v') g{-Sgn{9) v, v') h'{~sgn{9) v, q-^v') -> 







also in this case. The symmetry between / and g thus guarantees that also the first term of Ccxi,o{v) — > 
as w ^ 0. Therefore Goo,o(w) — > as u ^ 0. 



Together with Eq. (5.27) the convergence results proven in parts (1),(2),(3) and (4) imply that C{v) 
as u 0. By (5.25), this implies that {'yff,g) — (/, {lr)*g) = 0. So, by our choice of / and g, we find 



that (7fi^^,p,G'^L„,,) = (i^^,,,(7.')*G^„.t>- 

Therefore the conditions stated in ( |5.19[ ) imply that {'jfx',y') = (a;', (7^ )*?/') for aU x' G -0(7^) and 
y' G D((7f)*). Consequently, (7^)* C (7^)* (*). Since and jf. are normal, this implies that D{j^) = 
^iilr)*) ^ ^iili)*) — ^ili)- -But taking the adjoint of the inclusion (*), we arrive at the inclusion 
if C 7^. Hence, 7f =7^. □ 

Since U ((A 0^(7)) C/* = (g) 7; and U ((t A)A(7)) U* = (g) 7^ (see the remarks before lemma 
5.7) the previous proposition entails that (A (g) t)A(7) = (i (g A)A(7) and we have proven Proposition 



We can finally explain why the comultiplication A is defined in such a way that J7g A(7*7) Ug — 
1 (g Lg^"'^' (see the discussions surrounding Eq. (3^) and after Proposition 3^). Recall that this choice 



3.1 



is refiected in the presence of the factor s{x,y) in Definition 
In the proof above we showed that Co.i{v) ^ as w ^ 0, cf. ( 5.31 ). Looking at the defining formula ( ^.26 ) 



for Go,i(w), it is not too hard to imagine that for this to be true, we need at least that the functions / and 



g defined in Eqs. (5.28) and (5.29) have the same limit behavior when crossing the K-axis, going from 
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the first to the the second quadrant (for these particular functions, these are just continuous transitions). 
Note that the relevance of / and g to the coassociativity of A is obvious from Lemma |5.5| (and that all 
potential discontinuous transitions are filtered out by U). 



If one changes the comultiplication by leaving out the factor s{x,y) in Definition 3.1, and thus opting for 
the equality Ug A('y*j)\£i Ue = Lg, it turns out that / and g have different limit transitions implying 
that Co,i(w) does not converge to as ^ 0. From this it would follow that (A(g)t)A(7) and (i(g) A)A(7) 
have different domains in this case. 



From Lemma 5^ we have two orthonormal bases for the same space L^{1^2, ^)', {F^ p) 



and 



ipm.p)p^i 2 rn k£Z' Hcnce, there exists a unitary operator TZ on L^{1^2 , ^) mapping the first basis on the 
second. Its matrix elements are given by 

and these matrix elements of TZ can be thought of as Racah coefficients. It would be desirable to find an 
explicit expression for the Racah coefficients and to show that TZ{mi,ki,pi;m2,k2,P2) = for pi =/= P2, 



since this would immediately imply 7; = and hence yield an alternative proof for Proposition 5.8 and 



hence of Proposition 5.2. However, we have not been able to carry out this programme. 



6. Appendix 



In this appendix we collect the basic properties of the ^P-functions defined in Eq. (1) of the Introduction. 
Most of them stem from special function theory, so the proofs in this section are mainly intended for 
people that are not too familiar with this theory. As a general reference for g-hypergeomctric functions 
we use 1^. Let us fix a number < g < 1. 

Note first of all that the presence of the factor q'^^ in the series (1) implies that if we keep two of the 
parameters a,b,z fixed, the series converges uniformly on compact subsets in the remaining parameter. 
As a consequence, '^{a;b;q, z) is analytic in the remaining parameter. Also, the fmiction C'' — > C : 
(a, 6, z) 1-^ ^'(a; b; q, z) is analytic. 

The ^-functions are closely related to the iiy9i-functions (see [|[ Def. (1.2.22)]) in the sense that ^'(a; 6; q, z) 
— {b; q)oo I'fiiid', b; q, z) if 6 ^ q^^" (if b E q^^^" , i^i{a; b; q, z) is not defined in general). As a consequence, 
a lot of the identities that are known for lipi- functions extend by analytic continuation in the parameters 
to similar identities involving ^'-functions. 

A very basic but useful formula is known as the 

Result 6.1 ((^-product identity). Consider a G C \ {0}, fc e Z. Then 

(ag^ q)oo (g^^Va; <?)oo = {-a)-'' q-^'^C^-i) (a; q)^ {q/a; q)oo ■ (6.1) 

Proof. If a € q^, both sides of the above equation are easily seen to be equal to 0. Now we look at the 
case where a ^ q'^. Suppose that fc > 0. Then we have for n G N, 

(ag^g)„ (<zi-v«;g)n+fc _ n-ro(i-9~v«) _ nto n-=o(i-«'?^ 



{a;q)n+k {q/a;q)n nto(l-agO UiJi^^aq') 



= (-a)"'=g-5'=('=-i) 



so if we let n tend to infinity, Eq. ( p.lD follows. If fc < 0, we apply Eq. (O), where we replace k by — fc 



and a by q/a. □ 

The most important low order g-hypergeometric functions are the 2951 functions. If a,6, c, 2 G C satisfy 
c ^ q^^*" and \z\ < 1, these are defined as (see Def. (1.2.22)] and the discussion thereafter) 

« ^ . „ _ (a;g)n {b; q)n n 



2<^i(a,6;c;q, z) = 2<Pi ; g, z = > — ^— z 

V c J ^0 ('=;9)«('7;g)n 

If we keep a,b and c fixed, the function z, |z| < 1 i— )■ 2y^i{a, 5; c; q, z) has an analytic extension to the set 
C\ [1, 00) (see the beginning of B, Sec. 4.3]). Of course, the value of this extension at z e C\ [1, 00) is also 
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denoted by 2fi{o-,b;c;q,z). We will not use this fact directly in this paper but point to this extension 
because it is used in [|| . 

A connection between 2Vi-functions and i(/3i-functions is obtained by the following basic limit transition. 

Lemma 6.2. Consider a,b,c, z G C such that c ^ q^^" and (xi)^-^ a sequence in C \ {0} that converges 
to and satisfies \xiz\ < 1 for all i G N. Then ( 2^1(0, b/xf, c; q, Xiz) converges to 1(^1(0; c; g, bz). 

Proof. By definition, we have that 21,51(0, b/xi]c\ q.Xiz) = X]^o (c;q°,'.'(g"g),. ^" i^/^i'^ <l)n and 
[b/xi] q)n xf — Yik=oi^i ~ bq^). It follows that the n-th term of this series converges to the number 
{c-qTlq-q) {bzY as i 00. Take e > such that \ez\ < 1. So there exists io G N 

such that \xi\ < e/2 for all i £ TL>ia. It is not so difficult to see that there exists Af > such that 
g)„ a;fe~"| < M for aU n e Nq and i e Z>j„. Thus, since q (c-q) '^(q-q) — (^•^)"^ ^7 

the dominated convergence theorem imphes that the sequence ( 29^i(a, fe/x^; c; g', x^z) )°^^ converges to 
^n=o ic^itt^u (bzr = iMa; c; q, bz). ^~ □ 

This limit transition is used to get a more direct relationship between 2 V'l "functions and ^'-functions. 

Lemma 6.3. Let a,b, z £ <C such that \z\ < I. Then (z; q)ao 2^1(0, b; 0; g, z) — ^'(a; az; q, bz). 

Proof. First suppose that a 7^ and az ^ q~^^° . Take a sequence (a;i)^i in C \ ({0} U q"'*") such that 

and \xi/a\ < 1 for aU i e N. 
Then Heine's transformation formula Eq. (1.4.5)] implies that 2Vi{ci,b\Xi;q,z) — {xi/a, az; q)oo 
{xi,z;q)^ 2Vi{obz/xi,a;az;q,Xi/a). If we let i tend to 00 in this equality, we obtain by the previous 
lemma the equality 2^i{p,,b]0]q, z) = {az;q)oo{z;q)^i(pi{a;az;q,bz) = {z]q)^ '^{a;az;q,bz). The 
general result follows by analytic continuation. □ 

The following formula will be used throughout the paper. 

Result 6.4. Consider a,b, z £ C such that b ^ 0. Then ^'(a; b; q, z) = '^(az/b; z; q, b). 

Proof. First assume that b and z do not belong to g^^". Take a sequence {xi)'^i in C \ ({0} U g"^") 
such that {xi)°^^ — > 0, \zxi\ < 1 and \bxi\ < 1 for all i £ N. Let i £ N and apply Heine's transformation 
formula pi Eq. (1.4.5)] for a a, b ^/xi, c b and z ~^ xiz. Thus, 2Vi{a,l/ Xi^b^q^Xiz) — 



(bxi, z; q)oo {b, Xiz; q)^ 2Vi{o,z/b, 1/xi; z; q, bxi). If we let i tend to 00 in this equality. Lemma 6.2 implies 
that i</?i(a; b; q, z) — (z; q)oo {b; q)^ i(pi{az/b; z; q, b). Thus, \E'(a; b; q, z) = "^{az/b; z; q, b), still under the 
assumption that b, z ^ q~^° . The general formula now follows from analytic continuation. □ 

Roughly speaking, g-contiguous relations are relations between expressions of the form ^'(ra; s5; g, te) 
where r,s,t £ {l,q,q^^}. We need the following two. 

Lemma 6.5. Consider a,b, z £ C, then 

^{a;b;q,z) = (1 - a) *(qa; 6; q, z) + a *(a; fe; g, qz) . (6.2) 
^(a;6;g, z) — {a — b) 'i>{a;qb; q,qz) + {1 - a) 'ii{qa; qb;q, z) . (6.3) 

Proof. By definition, we have 

(1 - a) ^{qa; 6; q, z) = V (1 - a) g)" (g"^;g)oo ^l„(„-i) ^„ 



(Q;g)n(l-ag")(g"6;g)oo , i„(n-i) 



n=Q 



(Q;g)n (g"^;g)oo (^_l^n g|n(«-l) _ ^ («; Q)n {q^b; q)oo i^_^-^n ^jriCn-l) ^^^-jn 

^'(a; &; q, z) — a ^'(a; 6; g, gz) . 
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On the other hand, 

(a - b) *(a; qb; q, qz) + (1 - a) ^{qa\ qb; q, z) 

= y^a-b) i„(„-i) 

+ V (1 - a) (g^'g)" (g"^'^;g)^ / ^in(n-l) 

= f; (a - (-1)" 9^"^""'^ ^" 



ri=0 
oo 



n=0 (g'g) 



= ^ (1 _ («;g)»^(g"| ^;g)°° (_i)n gin(n-l) 

)n {q"b; 



(q; q)n 

^ Wq)n[.q'o;q)o. ^i„(„_i) ^„ ^ ^. 



n=0 

(a;g)„ (q"6; gr)c 



n=0 



We need the following transformation formulas. 
Proposition 6.6. Consider a,b,z gC and k G 'E. Then 

(1) (g'^+Va; 9)00 <Z, ^) = {q/a; q)oo [az/qf *(a; q^+^-q, zq^) ifa,z^ 0, 

(2) {q^+^a/z; q)^ ^{q-''; a; q, z) = {z/qf {q'^a; q)^ ^{q-'';qa/z; q, q^ / z) if z and k > 0. 

Proof. (1) Suppose first that k>0. Note that (g""*"^"*^; g)oo = for ah n G Z<i~-i- Hence, 

{q'^+'/a; q)^ ^aq-'; g-'^+^j g, .) = {q'+'^/a; q)^ £ ^^g""' g);^^"'''"'' g)°° (_!)« q^.-i^-i) 

n=k ^g'g^" 
= (5*^+^ /a;g)oo («g~'';9)n+fc(g""^^g)oo ^_^^„+fe^i(„+fe)(„+fe-l) ^n+fe 

(g; g)n+fe 



□ 



71=0 



= ,k ^qk+i/^. ^-1)^ g (a;g)„(g"+''+^g)oo (_^^„ ^„ 

(.gi gjn 



n=0 



= (g/a;g)oo(a2/g)'^ *(a;g'^+^g,2:g'=) . 

If A; < 0, we apply (1) where we replace k by — fc, a by ag"'' and z by ^g*^ to obtain (1) in this case. 

(2) First we assume that a ^ and \q''~^^a/z\ < 1. Since (g"*^; g)„ = if n > A;+ 1, the series terminates 
and 

(g'=+ia/z;g)oo*(g-^«;g,^) = {q'^'a/z-q)^ ^ (g-^ g)„ (g"a; g)^^ ^in(n-i) 

„=o ^g' g''" 

= (g'^+la/z;g)oo ^ (g"^ g)^-" (g'""«; g)o° g|(fc-n)(fc-n-l) ^k-n 

n=0 Vliqjk-n 

= (q^+'a/z; g)oo (-1)'= g^'^^'^'^^ z'' ^ '^l''" (-1)" g"'" 9'"^"+'^ ^"^ • (6-4) 



46 



Now, 

(g'=-"a; q)oo = {q'a; q)^ {q'^-'a; q-')„ = {q^a- qU q-^-^-+'^ (-a)" {q'-'/a; g)„ 



= (-ir'z- 



which upon substitution in Eq. (6.4) imphes that 

k 



{q'^+'a/z; q)^ ^{q-"; «; q, z) - {q^'+'a/z; qU {q'a; qU {z/q? E T^"' ('z'+'«/^)" 

n=o \q^q>n 

^{q''a-q)o^{z/qf ■^{q-^-qa/z-q,q^/z) , 
where we used Lemma |6.3| in the last step. The general result now follows by analytic continuation. □ 

In most cases it is not necessary to know the precise expression for the \E'-functions, sometimes only the 
asymptotic behavior matters. We need the following estimate (see Lem. 2.8]). 

Lemma 6.7. Consider a,z eC, k e Z>o- Then |\E'(a; g^"''; g, z)] < i-\a\;q)oo (-|^|;g)oo \z\'' qi^^''~'^\ 

Proof. For n G Ng, we have |(a;g)„| < (— |a|;q)„ < {—\a\]q)oo- Also notice that (q""'^"''^; g)oo — for all 
n € No satisfying n < k. Hence, by the definition of we see that 

oo ^ 

< (-|a|;9)oo |z|'=g^'=('=-i) E ^^9^"^""'' I^D" = (-|«l;9)°o (-kk';9)oo \zf q^"^'-'^ 

^^{q-^q)n 

where we used [|[ Eq. 1.3.16] in the last equality. Now the lemma follows. □ 

The last two estimates play a vital role in the proof of the coassociativity of the comultiplication. 

Lemma 6.8. Consider a,b,c ^ C, p ^ —q^ U q^ and (3 > 0. Let m e [l,oo], M > 0, £ > and define 
the q-interval J as J = {x Q —q^ U q^ \ \x\ < M or sgn(a;) = sgn(p) }. Then there exist N > and 
f e 1"'{J)+ such that 

\-9{a/X;px;q,bX)\ < N and \xf \{cx;q)^\^ \^ia/\;px;q,b\)\ < f{x) 

for all X £ J and A G C \ {0} such that |A| < e. 

Proof. Choose k E Z such that \p\ = q'^. Take r, s > such that r > \b\{e + \a\) and s > |c|. Let 
A G C \ {0} such that |A| < e and x £ J. Since {pxq^'\ q)oc > for all r G Z, we get that 



I ^ia/X;px; q, bX) | < E '^^"^ q^^^^'^ M 



n=Q 
n-1 



iq;q)n 



E ( n 1^ - 1'"^ l&r < E (|6| (|A| + \a\)y 

(9; q)n ._n {q\ q)n 



< '^{0;px;q,-r) . (6.5) 
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This imphes the existence of C > such that | '^{a/X;px; q, bX) \ < C and \{cx; q)oo\^ < C for all x £ J 
such that \x\ < max{Af, q^/\p\} and A G C \ {0} such that |A| < e. (6.6) 

Define the function f : J ^ R+ such that for x E J, we have that f{x) — \x\^ if \x\ < max{M, 
and 

fix) = (-r; q)oc q)i {-q/s; q)i q^^^^-^'^ q^^+P^' r^-^-' s'i qi'^'-'^ 
if |a;| > max{M, q'^/\p\} and t e Z is such that \x\ = q*. Then it is clear that / e r'(J)+. 
Take x G J such that \x\ > maxjM, Choose t £ Z such that \x\ — q*. Since x & J and |x| > M, 

we have that sgn(a;) = sgn(p), hence px = q^^^ . It is also clear that i < 1 — fc, thus 1 — k — t > 0. By 



estimate ( |6.5| ) and Lemma 6.7, we get for all A e C \ {0} such that |A| < e, 

\-^{a/X;px]qM) I < *(0;pa;;g,-r) = ^-(0; g^-^^-'^-*); -r) < {-r;q)^r^-^-* q^^^+'~^^^^+''^ 

= (-r;g)oori-^-*g^fe(fe-i)g'=*5^*(*-i) . (6.7) 

Also, Lemma guarantees that 

\{cx;qU\^ < {-\cx\;q)i < {~sq^;q)i ^ ('^^ ('g/^- 

(-gi-7s;g)|o 

< (-s; q)i {-q/s; g)i . 

This estimate, together with the estimates in (|6.6|) and ( |6.7| ) imply that |(cx; q)oo| ^ q, 6A)| 

< f{x) for all a; e J and A e C \ {0} such that |A| < e. 



Estimate (6.7) also implies the existence of D > such that \^{a/X;px;q,hX)\ < D for all a; e J such 
that |a;| > max{M, and A e C \ {0} such that |A| < e. So if we set N = max{C, D}, we find by 



the estimate in ( |6.6| ) that \^>{a/X;px; g, 6A)| < iV for all x e J and A e C \ {0} such that |A| < e. □ 
The next result is an easy consequence of the previous lemma. 

Lemma 6.9. Consider a,b,c G C, p G —q^ U g^. Let {xi)i£i be a net in —q^ U q^ such that sgn(a::i) = 
sgn(p) for all i £ I and {xi)i^i oo. Then the net {\{cXi; q)oa\^ \'^{cLXi;pXi;q,b/xi)\)^^j converges to 
0. 
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